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SYMBOLS, PREFIXES,
AND ABBREVIATIONS

See Appendixes A-1 (Units) and A-2 (constants and conversions) for more detailed information

ampere

angstrom =10-1°

vector potential, Wb m~!

area, m?

axial ratio

astronomical unit

atto = 1018

unit vector

magnetic flux density, T= Wb m~?
susceptance, U
susceptance/unit length, U m~!
WFN beam width, first nulls
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C coulomb

C capacitance, F

C capacitance/unit length, F m~!
C, ¢ a constant, ¢ = velocity of light
cc cubic centimeter

°C degree Celcius

D, D electric flux density, C m~2

d distance, m

deg degree, angle

dB decibel = 10 log(P,/P,)

dBi decibels over isotropic

dl element of length (scalar), m
dl element of length (vector), m
ds element of surface (scalar), m?
ds element of surface (vector), m?
dv element of volume (scalar), m?3

E, E celectric field intensity, V. m !
emf  electromotive force, V
electric charge, C
:; farad
F  force, N
femto = 10-'3
force per volume, N m~3
frequency, Hz
flux unit
giga = 10°
conductance, U
conductance/unit length, U m—!
gram
henry
H, H magnetic field, Am-!
HPBW half-power beam width
Hz hertz = 1 cycle per second
5, I,i current, A

Te QQQ2S™™mm®

J joule
J,J  current density, A m-?2
K kelvin
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sheet-current density, A m~!

a constant

kilo = 103

kilogram

inductance, H

inductance/unit length, H m~*
length (scalar), m

length (vector), m

left circularly polarized

teft elliptically polarized

natural logarithm (base ¢)
common logarithm (base 10)
mega = 10°

magnetization, A m !
polarization state = M(e, 7)
magnetic (dipole) moment, A m?
meter

milli=10-3

minute

newton

number (integer)

neper

nano = 10-°

unit vector normal to a surface
polarization of dielectric, C m~?2
electric dipole moment, C m~3
polarization state = P(y, )
power, W )

power per solid angle, W rad -2
power pattern, dimensionless
permeance, H

radiation pressure, N m~?

pico = 1012

charge, C

resistance, Q2

resistance/unit length, Q m~!
reluctance, H-!

right circular polarization

right elliptical polarization
revolution

radius, m; also coordinate direction
unit vector in r direction

radian

square radian = steradian = sr
Poynting vector, W m~?
resistivity, QO m

distance, m; also surface area, m?
second (of time)

steradian = square radian = rad?

Vel

P
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tesla = Wb m~?2

tera = 10'2

torque, N m

time, s

magnetostatic potential, A4

volt

voltage (also emf), V

emf (electromotive force), V

velocity, ms~—!

watt

energy, J

weber = 10* gauss

energy density, J m -3

reactance, <)

reactance/unit length, Q m~!*

unit vector in x direction

coordinate direction

admittance,

admittance/unit length, & m~-*

unit vector in y direction

coordinate direction

impedance,

impedance/unit length, Q m-!

intrinsic impedance, conductor,
per square

intrinsic impedance, dielectric, Q
per square

load impedance, Q

transverse impedance, rectangular
waveguide, Q

transverse impedance, cylindrical
waveguide, Q

intrinsic impedance, space, Q per
square

characteristic impedance, transmis-
sion line, Q

unit vector in z direction

coordinate direction, also red shift

(alpha) angle (deg or rad)

(beta) angle, deg or rad; also phase

SNE D3 es o, [+

)

T 3 YRR TERETER >

3

COOEEX 961

€

constant = 2m/A

(gamma) angle, deg or rad

(delta) angle, deg or rad

(epsilon) permittivity, Fm~!

permittivity of vacuum, F m~!

(epsilon) tensor permittivity, F m~!

(eta) index of refraction

(theta) angle, deg or rad 3

(theta) unit vector in 8 direction

{(kappa)

(capital lambda) flux linkage, Wb
turn

(lambda) wavelength, m

(mu) permeability, H m~*

permeability of vacuum, H m~!*

(mu) mobility, m?s~*' V-!

(mu) micro = 10-¢

(nu)

(xi)

(pi) = 3.14 .

(rho) electric charge density, C m~?3;
also mass density, kg m 3

reflection coefficient, dimensionless

surface charge density, C m~?

linear charge density, Cm~"'

(sigma) conductivity, Q m~*

(tau) tilt angle, polarization ellipse,
deg or rad

transmission coefficient, deg or rad

(phi) angle, deg or rad

(phi) unit vector in ¢ direction

(chi) susceptibility, dimensionless

(psi) angle, deg or rad

magnetic flux, Wb

(capital omega) ohm

(capital omega) solid angle, sr or deg?

(upsidedown capital omega) mho
(G = 1/Q =S8, siemens)

(omega) angular frequency ( = 27f),
rad s~
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Whistling swan family with father, right, and mother, center, both equipped with
migration transmitter and wrap-around dipole antenna. Juvenile swan or cygnet
is at left. The units radiate pulses of 1-mW peak power at 222 MHz and have a
100-km operatingrange with four months of servicelife, Theunits weredeveloped
to study flight pattern, flight altitude, air temperature, heart rate, and body-core
temperature during migrations. These magnificent 10-kg (22-1b) birds make
14,000-km round trips each year between Chesapeake Bay and Alaska. Typically
they fly in formation for distances of 1000 km at altitudes of 3 km in nonstop
flights lasting 10 hours (average speed 100 km/h). The tracking aircraft following
such a flight must land twice to refuel. The transmitter, including batteries,
weighs only 90 g (3 oz) and is secured to the upper middle back by four teflon
straps which go under the wings and around the body. A flexible wire dipole
antenna runs part way along two of the straps. The system does not interfere
with the swan’s activities in flight or on the water, and is almost invisible beneath
the feathers. In the photograph the transmitter cases have been retouched for
clarity and the location of the dipoles is indicated by dashed lines. The swan at
the right also has a large plastic neck band for visual identification. The asym-
metrical mounting of the dipole antenna results in vertically polarized radiation
when the swan is on the water, and in horizontally polarized radiation when in
flight. A change from vertical to horizontal polarization alerts the monitoring
station that the swan has become airborne. (Photograph by John W. Hamblen,
Applied Physics Laboratory, Johns Hopkins University. See W. A. GoodandJ. W.
Hamblen, APL Technical Digest, vol. 10, no. 2, pp. 2-10, Nov.—Dec. 1970.)
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PREFACE

The wide and continued use of the first edition of Electromagnetics, including a foreign
translation, has given us the incentive to prepare a second edition. Many users have
told us of features they wish to have retained in a new edition. But new advances
and changes in emphasis and teaching methods have made the addition of new material

and revision of the old desirable. The aim of the book, as before, is to present the

basic elements of electromagnetic theory for an introductory fields course. The topics

have been selected from a wide variety of subjects, but these have been chosen to iltus- -

trate important concepts without becoming encyclopedic. As prerequisites the stu-
dent is assumed to have a knowledge of introductory physics and mathematics through
differential and integral calculus. Also a course in vector analysis is essential either
beforehand or concurrently.

The introduction (Chap. 1) includes sections on units and dimensions, dimen-
sional analysis and two teaching aids: Thumbnail Electromagnetics and SPEMP chart.
Modernized metric (SI) units and nomenclature are used throughout the book. The
five chapters (2 to 6) on static electric and magnetic fields and steady currents form the
foundation of field theory. Three chapters (7 to 9) discuss boundary-value problems,
time-changing fields, and the relation of field and circuit theory, culminating in Max-
well’s equations. Problem solutions by a variety of methods including analytical,
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graphical, and computer (both di\gital and analog) are discussed. Chapters 10 to 12
cover waves in dielectric and conducting media, wave polarization and wave reflection,
refraction, and diffraction. Treatments using both physical optics (wavefront) and
geometrical optics (ray-path) methods are included. Chapters 13 and 14 explain
transmission lines, waveguides, resonators, antennas, and radiation. New sections in
these chapters include such topics as bandwidth, time-domain reflectometry, aperture
concepts, array theory, radar equation, antenna temperature and radio telescopes.
Chapters 15 and 16 treat particles, plasmas, moving systems, and space-time (or rela-
tivity). Topics in these chapters include particles in static electric and magnetic fields,

* wave propagation in a magnetized plasma, Faraday rotation, magnetohydrodynamic

(MHD) waves, the space-time concept, fields of a moving system, and radiation pres-
sure. It is shown that there is no such thing as a pure electric or magnetic field which
retains its identity for all observers. With the increasing emphasis on outer space
and systems in relative motion, these ideas are of fundamental importance. Appendix
A contains tables of important constants, equations, and formulas. There is also a
very complete tabulation of units and their equivalents. Appendix B is a brief bibli-
ography, and Appendix C gives answers to the starred problems. There is a complete
listing of symbols inside the front cover and some frequently used vector relations
inside the back cover. ‘

Almost half of the illustrations are new. The problem sets, which are completely
revised and expanded, are an important feature of the new edition. Many extend or
supplement the text. Among the wide variety of problems included are many which
pertain to modern real-world engineering situations, e.g., problems involving a study
of engineering feasibility and/or the design of an operational device. Some of these
'have multiple or indefinite solutions (few real-world problems have exact answers).
Such problems can be used for class discussion or term papers. There are also many
problems of the more conventional type, yielding definite numerical answers with all
gradations of difficulty. A considerable number of problems are arranged for solu-
tion by computers. Answers are given to one-half of the problems. There is much
to be gained by becoming familiar with the problems, whether one intends to solve
them or not. Many topics are included which are not discussed elsewhere in the
book and some very interesting and thought-provoking ideas are presented. We
recor/nmend “problem reading for pleasure.”

‘ The worked examples, numbering about 100, are valuable instructional aids.
These examples are of great assistance in understanding the theory and how to

apply it to practical situations.

. The boak is designed to provide flexibility for course needs in introductory field
theory. There is adequate material for a one-year course. The material is also well
adapted for shorter courses. For example, a short course can cover the first six,
seven, eight, nine or ten chapters either completely or with the omission of all or
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part of the following sections: 3-14 through 3-22; 4-14; 4-15; 4-16; 5-25, 5-26; 6-12
through 6-24; 7-10 through‘ 7-17; 10-10; and 10-13 through 10-21.  Another option
for a short course is to omit all or most of these sections but to include parts of Chaps.
13 to 16; for example, Secs. 13-1 through 13-6 (transmission lines); 14-1, 14-2, 14-5,
14-6, and 14-7 (antenna apcrture and array theory); 15-2 and 15-3 (charged partlcles),
and 16-2 (simultaneity). Still other options are possible. Antennas are remarkable
in that they can interface between a circuit and space, and some familiarity with them
is desirable even in a short fields course. The antenna sections (14-1, 14-2, 14-5, 14-6,
and 14-7), indicated above, use nothing more advanced than phasor addition.

Although great care has been exercised, some errors in the text or figures are
inevitable. Anyone finding them will do us a great service by writing us so that they
can be corrected in subsequent printings.

We are grateful to many teachers and a generation of students who have used
the first edition and have generously supplied us with comments and suggestions.
Professor Charles F. Fell, University of Nevada, made many recommendations and is
responsible for the definitions of idealness, staticness, etc., used in Secs, 2-3 and 2-5.
Professor Clarence W. Schultz, University of Connecticut, offered numerous sugges-
tions and supplied the method used with Fig. 6-6 for developing the relation between

B, H,and M. We are much indebted to Professors Chen-To Tai, University of Michi-

gan, and John N. Cooper, Navy Post Graduate School; and Professors Louis L. Bailin,
John D. Cowan, Jr; Daniel B. Hodge, Hsien Ching Ko, Curt A. Levis, Edward M.
Kennaugh, Robert G. Kouyoumjian, William H. Peake, Leon Peters, Jr., Jack H.
Richmond, and Thomas A. Seliga of The Ohio State University. The suggestions by
several anonymous reviewers chosen by the publisher were also most useful.

Finally, one of us (J. D. K.), expresses his sincere appreciation to his wife, Alice,

for her assistance on the manuscript and for her patience and encouragement during.

the years of its preparation.

JOHN D. KRAUS

KEITH R. CARVER
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> INTRODUCTION .

1-1 ELECTROMAGNETICS DEFINED

Electromagnetics embraces electricity, magnetism, electric fields, magnetic fields, and
electromagnetic waves. In circuit theory the emphasis is on the voltage at a pair of
terminals and the current through a conductor, but in electromagnetics the emphasis
is on the space between conductors and the electric and magnetic fields in this space.
The field approach of electromagnetics is essential for an understanding of wave-
guides, antennas, waves in space, and particle-field interactions. Electromagnetics
also provides a basic insight into the operation and characteristics of such basic
circuit elements as capacitors, inductors, and resistors. The title of this book could
have been * Electric and Magnetic Fields,” * Fields and Waves,” or * Electromagnetic
Theory and Applications.” All this and more is meant by the word Electromagnetics,
which was used as thetitle for the first edition of this book (1953) and is used again as
the title for this edition.

*f



2 ELECTROMAGNETICS [cHap. 1

1-2 DIMENSIONS AND UNITS

Lord Kelvin is reported to have said: When you can measure what you are speaking about
and express it in numbers you know something about it; but when you cannot measure it,
when you cannot express it in numbers your knowledge is of a meagre and unsatisfactory
kind; it may be the beginning of knowledge but you have scarcely progressed in your thoughts
to the stage of science whatever the matter may be.

To this it might be added that before we can measure something, we must define its
dimensions and provide some standard, or reference unit, in terms of which the quantity
can be expressed numerically. ,

A dimension defines some physical characteristic. For example, length, mass,
time, velocity, and force are dimensions. The dimensions of length, mass, time,
electric current, temperature, and luminous intensity are considered as the fundamental
dimensions since other dimensions can be defined in terms of these six. This choice
is arbitrary but convenient. Let the letters L, M, T, I, 7, and S represent the dimen-
sions of length, mass, time, electric current, temperature, and luminous intensity.

'Other dimensions are then secondary dimensions. For example, area is a secondary

dimension which can be expressed in terms of the fundamental dimension of length

‘squared (I?). As other examples, the fundamental dimensions of velocity are L/T and

of force are ML/T?>.

A unit is a standard or reference by which a dimension can be expressed numer-
ically. Thus, the meter is a unit in terms of which the dimension of length can be
expressed, and the kilogram is a unit in terms of which the dimension of mass can be
expressed. For example, the length (dimension) of a steel rod might be 2 meters and
its mass (dimension) 5 kilograms.

1-3 FUNDAMENTAL AND SECONDARY UNITS

The units for the fundamental dimensions are called the fundamental or base units.
In this book the International System of Units, abbreviated SI, is used.t In this
system the meter, kilogram, second, ampere, kelvin, and candela are the base units for

‘the six fundamental dimensions of length, mass, time, electric current, temperature,

and luminous intensity. The definitions for these fundamental units are:

‘ Meter (m) Length equal to 1,650, 763.73 wavelengths in vacuum corresponding
to the 2p, ,—5d; transition of krypton 86. .

+ The International System of Units is the modernized version of the metric system.
The abbreviation SI is from the French name Syst¢me Internationale d’Unités.
For the complete official description of the system see U.S. Natl. Bur. Stand. Spec.
Pub. 330, 1971,
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Kilogram (kg) Equal to mass of international prototype kilogram, a platinum-
iridium mass preserved at Sévres, France. This standard kilogram is the only
artifact among the SI base units.

Second (s) Equal to duration of 9,192,631,770 periods of radiation correspond-
ing to the transition between two hyperfine levels of the ground state of cesium
133. The second was formerly defined as 1/86,400 part of a mean solar day.

The earth’s rotation rate is gradually slowing down, but the atomic (cesium-133) -

transition is much more constant and is now the standard. The two standards
differ by about 1 second per year.

Ampere (A) Electric current which if flowing in two infinitely long parallel
wires in vacuum separated by 1 meter produces a force of 200 nanonewtons
per meter of length (200nNm™" =2 x 1077 Nm™%).

Kelvin (K) Temperature equal to 1/273.16 of the triple point of water (or
triple point of water equals 273.16 kelvins).}

Candela (cd) Luminous intensity equal to that of 1/600,000 square meter of ‘

a perfect radiator at the temperature of freezing platinum.

The units for othcr dimensions are called secondary, or derived, units and are
based on these fundamental units (see Table 2, Sec. A-1, in Appendix A).

The material in this book deals almost exclusively} with the four fundamental

dimensions length, mass, time, and electric current (dimensional symbols L, M, T, I).

The four fundamental units for these dimensions are the basis of what was formerly

called the meter-kilogram-second-ampere (mksa) system, now a subsystem of the SI.

The complete SI involves not only units but also other recommendations, one
of which is that multiples and submultiples of the SI units be stated in steps of 10°
or 1072, Thus, the kilometer (1 km = 10 m) and the millimeter (I mm = 10~3 m)
are preferred units of length, but the centimeter (=10"2 m) is not. For example, the

proper SI designation for the width of motion-picture film is 35 mm, not 3.5 cm. - .

For a list of the preferred units see Appendix A, Sec. A-1, Table 1.

In this book rationalized SI units are used. The rationalized system has the
advantage that the factor 4n does not appear in Maxwell’s equations although it does
appear in certain other relations. A complete table of units in this system is given
as Table 2, Sec. A-1, in Appendix A. The table lists dimensions or quantities alpha-
betically under each of the following headings: Fundamental, Mechanical, Electrical,
and Magnetic. For each quantity the mathematical symbol (as used in equations),
description, SI unit and abbreviation, equivalent units, and fundamental dimensions

are listed. .

t Note that the symbol for degree is not used with kelvins. Thus, the boiling tempera-

ture of water is 373 kelvins (373 K), not 373°K. However, the degree sign is retained

with degrees Celsius. .
1 A couple of equations involve temperature. None involve luminous intensity.

T g
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It is suggested that as each new quantity and unit is discussed the student refer
to the table and, in particular, become familiar with the fundamental dimensions for
the quantity.

14 HOW TO READ THE SYMBOLS AND NOTATION

In this book quantities or dimensions, which are scalars, like charge Q, mass M,

- or resistance R, are always in italics. Quantities which may be vectors or scalars are

boldface as vectors and italics as scalars, e.g., electric field E (vector) or E(=|E|)
(scalar). Unit vectors are always boldface with a hat (circumflex) over the letter like
% or £.1 A dot over the symbol indicates explicitly that the quantity is harmonically
time-varying (a phasor). Thus, K is a space vector and time phasor (vector-phasor),
but E, is a scalar-phasor (K = &E, ; E, = E e/*"). :

Units are in roman type, i.e., rot italic; for example, H for henry, s for second, or
A for ampere.] The abbreviation for a unit is capitalized if the unit is derived from
a proper name; otherwise it is lowercase (small letter). Thus, we have C for coulomb
but m for meter. Note that when the unit is written out, it is always lowercase even
though derived from a proper name. Prefixes for units are also roman, like n in nC

- for nanocoulomb or M in MW for megawatt. See Table 1, Sec. A-1, in Appendix A

for complete lists of prefixes.

EXAMPLE 1 D = %200 pC m -2

means that the electric flux density D is a vector in the positive x direction with a magnitude
of 200 picocoulombs per square meter (=2 x 10 ~!° coulombs per square meter).

EXAMPLE 2 V=10V

means that the voltage V equals 10 volts. Distinguish carefully between ¥V (italics) for
voltage and V (roman) fo; volts.

t In the few places in the book_where tensors appear they are indicated by a boldface
letter with a bar over it like F. In longhand notation a vector may be indicated by
a bar over the letter and a tensor by two bars.

{ In longhand notation no distinction is usually made between quantities (italics)

and units (roman). However, it can be done by placing a bar under the letter 1o
indicate italics or writing the letter with a distinct slant. .
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EXAMPLE 3 " ¥=4Wm2Hz!

means that the flux density S (a scalar) equals 4 watts per square meter per hertz. This can
also be written S = 4 W/m?/Hz or 4 W/(m? Hz), but the form W m —2 Hz ! is more direct
and less ambiguous. ’

Note that for conciseness, prefixes are used where appropriate instead of
exponents. Thus, the velocity of light would be given as ¢ =300 Mm s~! (300
- megameters per second) and not 3 x 108 m s™!. However, in solving a problem the
exponential form (3 x 108 m s™!) would be used.

The modernized metric (SI) units and the conventions used herein combine to
give a concise, exact, and unambiguous notation, and if the reader is attentive to the

details, he will find it has both elegance and beauty.

1-5§ EQUATION NUMBERING

Important equations and those referred to in the text are numbered consecutively
beginning with each section. When reference is made to an equation in a different
section its number is preceded by the chapter and section number. Thus, (14-15-3)
refers to Chap. 14, Sec. 15, Eq. (3). A reference to this same equation within Sec.
15 of Chap. 14 would read simply (3). Note that chapter and section numbers are
printed at the top of each page.

1-6’ DIMENSIONAL ANALYSIS

It is a necessary condition for ¢orrectness that every equation be balanced dimension-

ally. For example, consider the hypothetical formula

M
— =DA4
L
where M = mass
L = length
D = density (mass per unit volume)
A = area

The dimensional symbols for the left side are M/L, the same as those used. The .
dimensional symbols for the right side are
M M

L3L L
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- Therefore, both sides of this equation have the dimensions of mass per length, and

the equation is balanced dimensionally. This is not a guarantee that the equation is
correct; i.e., it is not a sufficient condition for correctness. It is, however, a necessary
condition for correctness, and it is frequently helpful to analyze equations in this way
to deterniine whether or not they are dimensionally balanced.

Such dimensional analysis is also useful for determining what the dimensions
of a quantity are. For example, to find the dimensions of force, we make use of
Newton’s second law that

Force = mass x acceleration

Since acceleration has the dimensions of length per time squared, the dimensions of
force are

Mass x length
Time?

or in dimensional symbols

ML
Force = 7T

1-7 THUMBNAIL ELECTROMAGNETICS

. Here are the basic equations of electromagnetic theory as covered in the book.

Ultimately the student should be able to recognize each equation, be able to picture
the physical circumstances surrounding its development, know the dimensions (and
units) in which it is expressed, and know how to apply it. For example, (31) should
be recognized as Ampére’s law, which equates the magnetic field H integrated around
a‘closed contour or loop to the current through the loop (or integral of the current
density over a surface bounded by the loop). A diagram should be drawn, as in
Fig. 1-1.  Units should be stated and the application to a simple problem outlined.

"The student is urged to refer frequently to these equations while studying the
book and as he progresses to check each one he feels he understands. These equations
will also be useful as a. brief course outline or reference while preparing for tests or
examinations.

F
) F—EQQ:Z 9)) E=E=fﬁfﬁ (3) dF =(Ix B)dl

F
4 -
() B Qm2
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) E=-VV (6) V‘=—fE-d1 () B=VxA (8) dB=g—1':£-§—edl.

‘ 0A | J x #
9) E=-VV-2 V= s
©) T ot (10) 4re,r an B 4n 2
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41[60 .
| oI dlsing
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as drr?
(16) Ql—coso (17 D=¢E (18) B=uH (I19) J=0E

(20) Q=ﬁn-ds=ﬂ pdv  (2) V-D=p (22) .//,,,=f B-ds
(23) ﬁn-ds=o
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™

(28) C== (29 I14=0,] (30) V-J=0 ' \

o) r=fH-a-([1a

Surface (area A)
- . bounded by

§f J-ds=I
contour s

5§ J-ds=0

Closed contour

FIGURE 1-1
Hlustrating Ampere’s law (31).
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49

(49).

(53)

(56)

(59

(62)

(66)
(69)

(72)

(75)
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' (35) V-A=0
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— = (45) J=H (46) L——Ei——l 47D L —
(48) H= # =
w,=%eE> (50) W,=4iCV? G w, = tuH? (52) W,=1iLI?

cu_-%‘ (54) =U=§§E-d1=-‘%jfn-ds=—ﬂz—?-ds
(55) B=El%
I= fH dl = ff(J+—) ds (57 VxE=-%? (58) v= \/ye
VxH=J+aa—]t) (60) ‘U=§(vxn)-dl'—jf%? d
Eo +E,

V =
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(+ B 1
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.2
W,=3ReVI* (67) E=E,sin(ot+fx) (68) V-J=—a—’:
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(14) d=\/52+ 5, + 5,2
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Z

_(ED +<ED

I= == (16) Q=
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(124) E, =7y|E, +(vx B)|
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'1-8 SPEMP CHART

In the preceding section the fundamental equations of electromagnetic theory are

presented. In applying these equatjons to a problem a path is followed in order to- '

achieve a solution and display the results. A choice of methods and displays is
usually available. The SPEMP chart shows Solution Paths for Electromagnetic
Problems. As the student progresses through the book, he should refer to this chart,
which will clarify the steps and procedures. Note that the part related to electro-
magnetic (EM) theory is contained within the dashed line (EM module) while the part
outside (analogous to the ** main frame ™) is general and can be used for any discipline
if an appropriate module is substituted.

PROBLEMS

* I-1  Give (a) the dimensional description, (b) the dimensional formulas in terms of :

the symbols M, L, T, and I, and (c) the SI units for each of the follgwi‘ng:

%1 where / = length and ¢ = time

f Fdl  where F=force

di
dx
* 1-2  Give the information requested in Prob. 1-1 for each of the following:
4mrey 4meqr?

ffpdu v E fE-dl ! 5 s

* Answers to starred problems are given in Appendix C.

e

= «3’

s




THE STATIC ELECTRIC FIELD: PART 1

2-1 INTRODUCTION

In this chapter the basic relations for static electric fields in free space are discussed.
They include Coulomb’s law and the force per charge, Gauss’ law and the electric
flux, and the superposition of fields. The equivalence of the electric field to the
gradient of the electric potential and of the electric potential to the line integral of the
electric field are explained. The orthogonality of field lines and equipotential contours
‘is pointed out. Shells of charge and capacitance are also considered. Also men-
tioned are the simplifying concepts of staticness and idealness and the conventions
of positiveness, right-handedness, and outwardness.

2-2. THE FORCE BETWEEN POINT CHARGES
AND COULOMB’S LAW

A group of charged particles, i.e., atoms or electrons, occupies a finitet volume.
Even a single electron has a finite size. However, it is often convenient to regard a

t By “finite ™ is meant *“ not infinitesimal.”
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small, concentrated region of charged particles as a point charge. This assumption
leads to no appreciable error provided the size of the volume occupied by the charged :
particles is small compared with the other distances involved.

The basic experiment of electrostatics was first reported by Coulomb in 1785+
using small charged bodies which may be regarded as point charges. The results of
this experiment are given by Coulomb’s law, which states that the force F between
two point charges @, and Q, is proportional to the product of the charges and in-
versely proportional to the square of the distance r between them, i.e.,

Pk

(N) (D
where k is a constant of proportionality. Because of the inverse-square effect of
distance this law is said to be an inverse-square law. The force is in the direction of the
line connecting the charges. As suggested in Fig. 2-1a, the force is outward (repulsive
force) if the two charges are of the same sign, but, as suggested in Fig. 2-1b, the force
is inward (attractive force) if the two charges are of opposite sign.

+ +t F
——71 ———ep—>» (@)
Q Q,

FIGURE 2-1 - + Fo_

(@) Two point charges of same sign and L e (b)

(b) opposite sign. Q r Q,

In the International System the constant of proportionality is given by

1
k=—
47e
where ¢ is the permittivityt of the medium in which the charges are situated. By
dimensional analysis of (1) we find that € has the dimensions of capacitance§ per length,
or in dimensional symbols 7*I?/ML*. The SI unit for permittivity is the farad per
meter (F m~'). The permittivity of vacuum is

€ =885x10""2Fm~! =8.85 pF m~!

1 1
— Fml=—0 -1
36 x 107 361:“Fm

t Charles A. de Coulomb, History Royal Acad. Sci. (France), 1785, ppP. 569 and 579.
-} Also called the dielectric constant.

§ For a discussion of capacitance see Sec. 2-24. See also Sec. 3-22 on the field-cell
capacitor.

G . e
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The permittivity of air is substantia]ly the same as for vacuum. In this chapter it is
assumed that the medium is air or vacuum, and so to be more explicit the permittivity
¢ could be written ¢, throughout. However, the same equations apply to a medium
of infinite extent provided the medium is isotropic, homogeneous, and linear. The
general situation of material media for which € # ¢, is discussed further in Chap. 3.

Force is a vector; i.e., it has both magnitude and direction. Rewriting (1)as a
vector equation and also substituting the value of k, we have

Qi

4mer?

F )

_where F = force, Nt

= unit vector (see Fig. 2-1) pointing in direction of line joining the charges
(thus, F = £F)
Q, =charge 1,C
'Q, =charge 2, C
€ = permittivity of medium, F m~
r = distance between point charges, m

1

This is the complete vector expression for Coulomb’s law stated in rationalized SI

units. To demonstrate the application of this law let us consider the following
problems.

EXAMPLE 1 A negative point charge of 1 uC is situated in air at the origin of a rectangular
coordinate system. A second negative point charge of 100 »C is situated on the positive x
axis at the distance of 500 mm from the origin. What is the force on the second charge?

soLUTION By Coulomb’s law the force

(=107}~ 109
(4 x 0.53)(10~°/36m)

=+2%3.6N

’ F=1%

That is, there is a force of 3.6 N (0.8 Ib) in the positive x direction on the second charge.

. EXAMPLE 2 Two point charges of 1 C each and of the same sign are placed 1 mm apart

in air. What is the magnitude of the repulsive force?

+ One newton equals the force required to accelerate 1 kg 1 ms~2,
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SOLUTION From Coulomb’s law the force is

. 1x1

" 4megx 10-°
~ weight of 9.2 x 10! metric tons
= weight of 102 U.S. tons

=9x10'* N

This force is sufficient to lift millions of Empire State buildings, or roughly all the buildings
in the United States simultaneously. [Note that the force N at the earth’s surface due to
gravity equals the mass (kg) times 9.8 ms~=2.]

2.3 IDEALNESS AND STATICNESS

The concept of a point charge employed in Sec. 2-2 is an idealization. In many
situations discussed in science and technology idealness is invoked in this manner in
order to simplify the problem.

In Chaps. 2 and 3 it is important to note that it is the static electric field which is
discussed. The implication here is that all charges and objects are at rest with respect
to one another. This is also something of an idealization but one which is useful in

developing the basic concepts of field theory. In later chapters the situation ,under’

conditions of motion will be treated.

—

2-4 ELECTRIC FIELD INTENSITY &

Consider a positive electric point charge Q, placed rigidly at the origin of a polar
coordinate system. If another positive point charge Q, is brought into the vicinity

of Q,, itis acted upon by a force. This force is directed radially outward and becomes’

greater as {J, approaches @,. It may be said that Q, has a field around it where
forces may act. The nature of this field is suggested by the vector diagram of Fig. 2-2,
the length of the vector being proportional to the force at the point (at center of vector).

Dividing (2-2-2) by Q, puts the equation in the dimensional form of force pcr

charge, i.e.,
F  force
Q, - charge
which has the dimensional symbols

ML ML
720 T31
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4
.. ! p
* 7
\ / +
[ d
Q
+ 2
- — fr— 5 ——— =
1
FIGURE 22 ' : , ¥ l N
Point charge Q, with vectors indicating * )
magnitude and direction of associated
electric field. v

If Q, is a positive test charge, the resulting force per unit charge is defined as the
electric field intensityt E. Thus,

.0

E— F
T Q, 4ner?

M

where @, = positive test charge.

The SI unit of electric field intensity is the newton per coulomb (N C™').  As will
appear after the discussion of electric potential (Sec. 2-7), an equivalent unit for the
electric field intensity is the volt per meter (V m~!).

According to (1), the point charge @, is surrounded by an electric field of inten-
sity E which is proportional to Q, and is inversely proportional to r2. The electric

~ field intensity E is a vector having the same direction as the force F but differing in

dimensions and in numerical magnitude.

It is not implied by (1) that the positive test charge has a value of 1 C. It may
have any convenient value since the ratio of the force (newtons) to the test charge
(coulombs) is independent of the size of the charge provided the test charge does not
disturb the field being measured. As noted in Example 2 above, 1 C represents a
much larger charge than is ordinarily encountered in static problems. Thus, if we
attempted to use a test charge of 1 C, we would tend to disturb the charges whose field
we seek to measure. Therefore, it is necessary to use small test charges; in fact, the
test charge should be small enough to ensure that it does not appreciably disturb the
charge configuration whose field is to be measured.

+ Also called the electric field strength.

Lt
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If the test charge is made small enough, it may be regarded as of infinitesimal
size, so that the ultimate value of the electric field intensity at a point becomes the
force AF on a positive test charge AQ divided by the charge (AQ) with the limit taken
as the charge approaches zero; i.e.,

. AF

E Alon—lvlo AQ @
Actually the smallest available test charge is an electron. Since this is a finite charge,
it follows that E cannot be measured with unlimited accuracy. Although this is of
importance in atomic problems, it need not concern us in the large-scale, or macro-
scopic, problems treated in this book. In practice, E would be measured with a small
but finite test charge, and if this charge is small enough, E would differ inappreciably
from that measured with an infinitesimal or vanishingly small test charge as implied
in (2).

EXAMPLE A negative point charge 10 nC is situated in air at the origin of a rectangular
coordinate system. What is the electric field intensity at a point on the positive x axis
3 m from the origin?

SOLUTION By (1) the field intensity is given by !
-8 - -f , <
E— g 10 1O, ¢ g

= T @ x 3910736 B
=—%10 NC-'(orVm-Y)

That is, the electric field intensity is 10 N C ~! (or 10 V m ~*) and is in the negative x direction.

2-5 POSITIVENESS, RIGHT-HANDEDNESS,
AND OUTWARDNESS

It will be convenient at the outset to adopt several conventions.

1 It is convenient to define the electric field, as in Sec. 2-4, in terms of positive
charge. Thus, the electric field at any point is in the direction of the force on a
positive test charge placed at that point.

2 It is convenient to standardize on right-handed coordinate systems. For
example, the rectangular coordinate system in Fig. 2-3a is right-handed since
turning the positive x axis into the positive y axis and proceeding the direction of
a right-handed screw, we move in the positive z direction. This set of coordinate
axes may accordingly be termed a positive set. ' The rectangular coordinate
system in Fig. 2-3b is left-handed since turning the positive x axis into the positive
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4 Zu
(@) (®

FIGURE 2-3
(a) Right-handed and (b) left-handed coordinate systems.

y axis, we must proceed like a left-handed screw to move in the positive z
direction.

3 It is a consequence of the positiveness convention that the electric field around
a positive charge is outward (see Fig. 2-2). A further consequence is that we
take the positive direction of the normal at any point on a closed surface as the
outward normal. Thus, applying Gauss’ law (Sec. 2-17), we shall note that the
integral of the mormal component of the outward electric flux density over a
closed surface yields the positive charge enclosed.

The concept of positiveness is inherent in our definitions and, as discussed above,
is ‘also associated with the definitions of right-handedness and outwardness.

THE ELECTRIC FIELD OF SEVERAL POINT CHARGES
AND THE PRINCIPLE OF SUPERPOSITION OF FIELDS

Since the electric field of a point charge is a linear function of the value of the charge,
it follows that the fields of more than one point charge are linearly superposable by
vector addition. As a generalization, this fact may be stated as the principle of super-
position applied to electric fields as follows:

The total or resultant field at a point is the vector sum of the individual component
fields at the point.

Thus, referring to Fig. 2-4, the field intensity of the point charge Q, at the point
PisE, and of the point charge @, iSE,. Thetotal field at P due to both point charges
is the vector sum of E, and E,, or E, as indicated in the figure.
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, +Q, .
E,
P
E

FIGURE 2-4
Vector addition of fields due to two E,
equal point charges of the same sign
to give resultant, or total field E. +Q,

EXAMPLE A positive point charge of 1 nC is situated in air at the origin (x = 0, y = 0),
and a negative point charge of —2 nC is situated on the y axis 1 m from the origin (x = 0,
y=1),asshown in Fig. 2-5. Find the total electric field intensity at the point P on the x axis
2 m from the origin (x =2, y = 0).

Im

>

A

x
+10° C

FIGURE 2-5
Vector addition of fields due to two unequal point charges of opposite sign to
give resultant, or total field E.

SoLUTION The vector value of the electric field E; due to the charge at (0, 0) is,
from (2-4-1),

_s 10-°
=¥ @n X 29010 °136m)

=R225NC™!
The magnitude of the field E, due to the c_harge at (0, 1) is

E,

_ —2x10-°
" (47 % 2.24%)(10 ~°/36m)

=—359NC™

E;
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The vector value of E; is given by
E:, =—%3.59cos « + $3.59 sin

N 2 . 1
= —%3.58 m + §3.59 574

=—%324+§1L.6NC!

where & = unit vector in x direction

¥ = unit vector in y direction.
The total vector field E can be obtained by graphical vector addition of E, and E, or analyt-
ically as follows:

E=%(2.25—3.2)+3§1.6

or in both rectangular and polar forms
' E =—%0.95+ §1.6 = 1.86/120.7° N C ~*

2-7 THE ELECTRIC SCALAR POWL

Consider two points, x; and x, , situated in a uniform electric field E parallel to the x
direction. Let a positive test charge at x, be moved in the negative x direction to x,
as in Fig. 2-6. The field exerts a force on the charge so that it requires work to move
the charge against the force. The amount of work per unit charge is equal to the
force per unit charge (or field intensity E) times the distance through which the charge
is moved. Thus,

E(x, — x,) = work per unit charge (joules/coulomb, J C™1) (1)
The dimensions are
Force « length = work
Charge charge
or MLL_ ML
' T2 Q0 T3
In SI units the relation is
Newtons o meters — joules
Coulomb coulomb

The dimensions of work per charge are those of potential. In our example
(Fig. 2-6), the work or energy per unit charge required to transport the test charge
from x, to x, is called the difference in electric potentialt of the points x, and x, .
The point x, has the higher potential since it requires work to reach it from point x, .
Thus, moving from x, to x, (opposite to E), we experience a rise in potential. The unit

+ Potential, in general, is a measure of energy per some kind of unit quantity. For
example, the difference in gravitational potential at sea level and 100 m above
sea level is equal to the work required to raise a 1-kg mass from sea level to a height
of 100 m against the earth’s gravitational field. Potential is a scalar quantity, i.e.,
it has magnitude but no direction.
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FIGURE 2-6 T 3 Path =2
Linear path in uniform electric field. e

of electric potential ¥ is the volt (V) and is equal to 1  C™!. Hence, electric potential
is expressible either in joules per coulomb or in volts. ’

w X meters = _j(_)ul_es_ = volts

Coulomb coulomb
Dividing by meters, we obtain

Newtons  volts

Coulomb meter

= electric field intensity

Thus, the electric field intensity E is expressible in either newtons per coulomb or in
volts per meter.

EXAMPLE Let the uniform electric field in Fig. 2-6 have an intensity E of 10 V m -1,
If the distance x; — x, is 100 mm, what is the potential difference of the two points?

soLuTioN From (1) the electric potential is given by
V=10x01=1V
That is, the potential of x, is 1 V higher than the potential of x,.
Consider next the case of a nonuniform field such as exists in the vicinity of the
positive point charge Q (Fig. 2-7). The electric field E is radial and is inversely
proportional to the square of the distance r from the charge Q. The energy per

coulomb required to move a positive test charge from r, to r, along a radial path equals
the potential difference, or rise, V,, between the points. This is given by

Vo =fr”dV - - J'E dr (V)

7

- — —— .+Q *>r——a—8
" Path T

FIGURE 2-7 \ )
Linear path in nonuniform electric field. \
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The negative sign takes into account the fact that the motion from r, to r, is opposite
to the direction of the field. Substituting the value of E from (2-4-1) yields

dr

Amer?
QJ"‘Q_ Q (1 _l)
dned,, r* dme\r, 1,

where ¥; = potential at point 7,
V, = potential at point r,

V21=V1"V2="‘f
: @

The potential difference in (2) is positive since work must be expended to move
the positive test charge from r, to r, against the field. However, if the motion is from
ry to r,, the field does work on the charge and there is a fall in potential (negative
potential difference).

If the point r, (Fig. 2-7) is removed to infinity, we can arbitrarily define it to be
at zero potential. Thus, (2) becomes

Q

4mer,

Vi V) 3
This potential is called the absolute potential of the point r, due to the charge Q.
1t is inversely proportional to the distance from @ to the point r, and is, by definition,
the work per coulomb required to bring a positive test charge from infinity to the
point r,.

2-8 THE ELECTRIC SCALAR POTENTIAL AS A
LINE INTEGRAL OF THE ELECTRIC FIELD

In Sec. 2-7 the test charge is moved via the shortest path between two points.  Actually,
the path followed is immaterial since the potential difference is determined solely by
the difference in potential of the two end points of the path. Thus, referring to Fig.
2-7, the potential at the point », with respect to the potential at r, is said to be single-
valued; i.e., it can have only one value regardless of the path taken from r, to r,.
When the path of the test charge is not parallel to E but at an angle 6, as in
Fig. 2-8, the potential difference V,; between the points x, and x, is equal to the
| \/path length x, — x, multiplied by the component of E parallel to it. Thus, V;; =
‘ “(xy — x)E cos 0.
If the test charge is moved perpendicular to the direction of the field (6 = 90°),
no work is performed and hence this path is said to be an equipotential line. It is an
important property of fields that equipotential and field lines are orthogonal.
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~ E
FIGURE 2-8 %
Linear path in uniform electric field at . *

angle 6. %

Let us consider next the case where the path of the test charge is curved. Then
the potential difference between the end points of the path is given by the product of
the infinitesimal element of path length &/ and the component of E parallel to it,
integrated over the length of the path from a to b. For the path in the uniform field
E in Fig. 2-9, the infinitesimal potential rise 4V between the ends of the path element
dlis given by

dV = —Ecos0dl=~E-dl (1)

where 0 is the angle between the path element and the field. A potential rise (positive
potential difference V') requires that the component of the motion parallel to E be
opposed to the field. Hence the negative sign in (1). By integrating (1) between the
points a and b we obtain the potential rise V,, between the points @ and 5. Thus,

V,,,,=fde=Vb—V,,=—jbEcoseﬂ:—be-dl 2

Referring to the zigzag path in Fig. 2-9, we note that contributions to the work occur
only when the path has a component parallel to E. Hence, the work in going from
a to b is the sum of the work increments along the zigzag-path elements parallel to
E (0 = 180°) taken in the limit as the increments approach zero with no work contribu-
tion from the zigzag-path elements perpendicular to E (8 = 90°).

The integral involving dl in (2) is called a line integral. Hence, the potential
rise between a and b equals the line integral of E along the curved path from a to 4.
As written in (2), the result can be expressed either in scalar form (with cos 6) or in
vector form as a scalar or dot product,

EXAMPLE 1 In Fig. 2-9 let E be everywhere in the +x direction and equal to 10 V m -!
(a uniform field). Let x, =1 m. Find V,,.

SOLUTION From (2)

b 0
V,..,=af Ecosﬂdl:—f Edx=Ex;=+10V
a xy

Consider now the situation where the path of the test charge is curved ahd the
electric field is nonuniform. Let the nonuniform field be produced by a point charge
+ Q as in Fig. 2-10. The field intensity due to a point charge is given by (2-4-D).
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FIGURE 2-9
Curved path in a uniform electric field.

Substituting this in (2) and also putting dr = cos 0 dl, where dr is an infinitesimal
element of radial distance, gives

=2 '="‘_’£=£(E_l) V) 3)

14
dncJrar? 4me\b a

ai

Putting b = r, and a = r, makes this result identical with (2-7-1), where the path is
along a radial line.

EXAMPLE 2 Let the positive charge Q, Fig. 2-10, be equal to 223 pC. Also let
a =400 mm and b= 100 mm. The medium is air. Find the absolute potential V, at a,
the absolute potential ¥, at b, and the potential rise Ve

SOLUTION
ve= 2 lasy
4ieo a
_e1
Vb_41regb~20V

Vo = Vo — Var 15V

The work to move a test charge along an equipotential contour or surface is
zero (6 =90°). The maximum amount of work per unit distance is performed by
moving normal to an equipotential surface. This coincides with the direction of the
field.

The work to transport a test charge around any closed path in a static field is
zero since the path starts and ends at the same point. Thus, the upper and lower limits

~ of the integrals in (2) become the same, and the result is zero. A property of the

-~
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FIGURE 2-10
Curved path in a nonuniform electric
field.

static electric field is, then, that the line integral of this field around a closed path is
zero. It follows that the potential difference between any two points is independent
of the path.

2-9 RELATION OF ELECTRIC FIELD LINES AND
EQUIPOTENTIAL CONTOURS; ORTHOGONALITY

A field line indicates the direction of the force on a positive test charge introduced
into the field. If the test charge is released, it moves in the direction of the field line.

In a uniform field, the field lines are parallel, as in Fig. 2-11. A single field line
gives no information about the intensity of the field. It indicates only the direction.
However, by measuring the work per coulomb required to move a positive test charge

-
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FIGURE 2-11
Field lines (solid) and equipotential lines (dashed) of a uniform electric field.
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along a field line the potential differences along the line can be determined. The
larger the potential difference between two points a unit distance apart, the stronger
the field. In a uniform field the potential difference per unit length is constant, so
that the equipotential lines (Which are orthogonal to the field lines) are equally spaced.
In the example of Fig. 2-11, the electric field intensity is 0.2 V mm™!, so that the
equipotential contours at 1-V intervals are parallel lines spaced 5 mm apart. One of
the lines is arbitrarily taken as having a zero potential so that the potentials shown are
relative to this line.

Consider now the case of a nonuniform field such as exists in the vicinity of the
positive point charge Q in Fig. 2-12. If a positive test charge is released in this field,
it moves radially away from Q, so that the field lines are radial. The field intensity
varies inversely as the square of the distance. In Fig. 2-12 this is suggested by the
fact that the field lines become more widely separated as the distance from Q increases.
The absolute potential is inversely proportional to the distance from Q. If Q = 10 pC,
the equipotential contours for 20, 10, 5, and 3 V are then as shown by the concentric
circles in Fig. 2-12.

7( * Itis to be noted that a potential rise is always in the opposite direction to E.

7 Scale of distance
1 1

0 10 20 30 mm

FIGURE 2-12
Field lines (solid) and equipotential lines (dashed) of a nonuniform electric field.
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210 FIELD OF TWO EQUAL POINT CHARGES OF
OPPOSITE SIGNS AND OF SAME SIGN

The electric field at a point P due to two point charges + Q and — Q is equal to the
vector sum of the fields at P due to each of the charges alone. This is illustrated in
Fig. 2-13. The potential ¥ at P is equal to the algebraic sum of the potentials at P
due to. each charge alone. '

A map of the field lines (solid) and equipotential contours (dashed) is shown in
Fig. 2-13 for point charges + Q and — Q separated by 127 mm. The equipotential
contours are given in volts for Q = 140 pC. The charge configuration in Fig. 2-13
constitutes an electric dipole with a charge separation of 127 mm.

In contrast to the above let us consider two equal point charges of the same sign
(positive) as in Fig. 2-14. A map of the field lines (solid) and equipotential contours
(dashed) is shown for a charge separation of 127 mm. The equipotential contours
are given in volts for Q = 140 pC. The only difference between the charge configura-
tion of Fig. 2-14 and that in Fig. 2-13 is that the lower charge is positive.

Near each charge the effect of the other charge is small, and the equipotentials
are circles like those around an isolated point charge. For intermediate distances the
equipotentials have the shapes shown in Fig. 2-14.  Of particular interest is the figure-
eight-shaped equipotential (V = 39.5 V) that crosses itself at the point P, where
E =0. This point is called a singular point. At such a point, field and equipotential
lines are not perpendicular. -

Note that in three dimensions the (dashed) equipotential lines are surfaces
generated by rotating Figs. 2-13 and 2-14 about the (vertical) axis through the charges.

2-11 CHARGE DENSITY AND CONTINUOUS
DISTRIBUTIONS OF CHARGE

The electric charge density p is equal to the total charge Q in a volume v divided by the
volume. Thus,

p=2 )
v

Electric charge density has the dimensions of charge per unit volume, or in
dimensional symbols Q/I*. The SI unit of charge density is the coulomb per cubic
meter (Cm™3),
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FIGURE 2-13

Electric field and potential variation around an electric dipole consisting of a
positive and negative charge of 140 pCseparated by 127 mm. The solid lines are
field lines, and the dashed lines are equipotential contours, with their potential
level indicated in volts.

By assuming that electric charge can be continuously distributed throughout

a region we can also define the value of the charge density p at a point P as the charge

| AQ in a small volume element Av divided by the volume, with the limit of this ratio
taken as the volume shrinks to zero around the point P. In symbols,
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mm

FIGURE 2-14

Electric field and potential variation around two equal positive charges of
140 pC separated by 127 mm. The solid lines are field lines, and the dashed lines
are equipotential contours, with their potential level indicated in volts.

p=1im 22 )

This gives the value of p at a point and hence defines p as a point function.

It will be convenient to use this definition of p, but it is to be noted that it is |
based on the assumption that the electric charge is continuously distributed.  Actually |
electric charge is not continuously distributed but is associated with discrete particles
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(electrons or atoms) separated by finite atomic distances. Nevertheless, the assump-
tion of a continuous charge distribution (an idealization) leads to no appreciable error
provided the region contains many atoms or electrons and the distances involved are
large compared with atomic dimensions. The assumption of continuous charge
distribution can be applied to the large-scale, or macroscopic, problems treated in this
book but would not be applicable to problems on atomic structure, where the non-
continuous nature of the charge distribution must be taken into account.

The charge density p, discussed above, is sometimes called a volume charge
density to distinguish it from surface charge density and linear charge density. The
surface charge density pg gives the charge per unit area (coulombs per square meter,
C m~2) at a point on a continuous surface distribution of charge. The linear charge
density p gives the charge per unit length (coulombs per meter, C m™!) at a point
on a continuous line distribution of charge. Both pgand p, are point functions which
can be defined as in (2), with a surface or line element substituted for the volume
element.

2-12 ELECTRIC POTENTIAL OF CHARGE
DISTRIBUTIONS AND THE PRINCIPLE
OF SUPERPOSITION OF POTENTIAL

Since the electric scalar potential due to a single point charge is a linear function of the
value of its charge, it follows that the potentials of more than one point charge are
linearly superposable by scalar (algebraic) addition. As a generalization, this fact
may be stated as the Principle of Superposition applied to electric potentialt as follows:

The total electric potential at a point is the algebraic sum of the individual com-
ponent potentials at the point.

Thus, if only the three point charges @y, Q,, and Q5 are present in Fig. 2-15,
the total electric potential (work per unit charge) at the point P is given by

V,:i(%+%+%) 0

dme\ry ry, r;
where r, = distance from @, to P
r, = distance from Q, to P
r3 = distance from Q, to P
This can also be expressed with a summation sign. Thus,

120,

dre =1 r,

€3

4

1 Although electric scalar potential is implied, the word scalar will usually be omitted
for brevity.
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dl  Linear charge

distribution
Surface charge
distribution Volume
charge
distribution

dv/

FIGURE 2-15
Electric potential at P is the algebraic sum of the potentials due to the point,
line, surface, and volume distributions of charge.

If the charge is not concentrated at a point but is distributed along a line as in
Fig. 2-15, the potential at P due to this linear charge distribution is

Vo= [Zat v ©)
_where p, = linear charge density, C m™*
dl = element of length of line, m
The integration is carried out over the entire line of charge.
When the charge is distributed over a surface, as in Fig. 2-15, the potential at P
caused by this surface charge distribution is

Vs=4—71rsz%ds ) @

where p; = surface charge density, C m~2

ds = element of surface, m*
The integration is carried out over the entire surface of charge.




32 ELECTROMAGNETICS B [cHAP. 2

!

For a volume charge distributfon, as in Fig. 2-15,

i

where p = (volume) charge density, C m™3

dv = element of volume, m?

The integration is taken throughout the volume containing charge.

If the point charges, the line charge distribution, the surface charge distribution,
and the volume charge distribution of Fig. 2-15 are all present simultaneously, the
total electric potential at the point P due to all of these distributions is by the super-
position principle the algebraic sum of the individual component potentials. Thus,

V=V, +V, +V,+V, (6)

or 4M( +prdl+ﬁpsd +m”du) %)

We may also write (7) as

V=zl::QnG,,+prGdl+ﬂpsGds+f”dev 8)

where G = 1/4ner.
. G is the electrostatic Green’s function and is equal to the potential for a 1-C
point charge.

EXAMPLE As shown in Fig. 2-16 a square that is 1 m on a side in air has a point charge
Q, =+ 1 pC at the upper right corner, a point charge Q. = — 10 pC at the lower right corner,
and a line distribution of charge of uniform density p, =+ 10 pC m ~* along the left edge.
Find the potential at the point P at the center of the square.

1
i Q1
Wk .,
Yy P £
FIGURE 2-16 8,
Line and point charges for example
illustrating superposition of electric Q2
potential.
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SOLUTION The potential at P due to the point charges is

1 (10-1z 10-11

*~ &me, \0.707 0.707) =—0asV

The potential at P caused by the line distribution of charge is

Vi

1 y=0.5 10-11
f dy=+0.158 V

TAmeo), o, Vosiyyn

The total potential at P is then
V=V, +V.=+43 mV

The principle of superposition stated for the special cases of potential in this
section and for fields in Sec. 2-6 can be applied, in general, to any quantity which is
linearly related to its cause. The electric fields or potentials at a point are linear func-
tions of the charge producing them and hence are superposable (by vector addition
for ficlds and scalar addition for potential).

2-13 THE ELECTRIC FIELD AS THE
GRADIENT OF THE ELECTRIC POTENTIAL

The potential rise between two points along an electric field line is a measure of the
gradient of the potential in the same way that the elevation rise between two points on
a slope is a measure of the gradient of the slope. More specifically the gradient of the
potential at a point is defined as the potential rise AV across an element of length A/
along a field line divided by A/, with the limit of this ratio taken as Al approaches
zero. Thus,
AV dv
Gradient of V = lim — = — 1
ot = Al d M
More completely, the gradient of V is a vector whose direction is along a field

line with magnitude as given in (1). Since a potential rise occurs when moving
against the electric field (see Sec. 2-8), the direction of the gradient is opposite to that
of tfl/e}ﬁilt{.’_ Thus, '

Gradient of V = —E

g
In more symbolic notation we can write

Gradient of V=grad V =VV = —E 2)

where grad V stands for the gradient of V. As will be discussed in the next section,
the gradient of V can also be expressed with the operator del, or nabla, V, as VV.
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2-14 GRADIENT IN RECTANGULAR COORDINATES

In this section a relation for gradient will be developed in rectangular coordinates.
To do this, consider the electric potential distribution of Fig. 2-17. The work per
coulomb to bring a positive test charge to the point P (at origin of coordinates) is
104 V. This is the absolute potential ¥ at P. The potential elsewhere is a function
of both x and y, and its variation is indicated by the equipotential contours. The field
is uniform. Thus, the contours are straight, parallel, and equally spaced. There is
no variation with respect to z (normal to page). At P the electric field is as indicated
by the vector E, perpendicular to the equipotential line.

Consider now the change in potential along an infinitesimal element of path
length in the x direction (y = constant). Then

ov
——=FEcosa=E,
ox

where o = angle between E and x axis
E, = component of E in x direction
Likewise, for an infinitesimal element of path length in the y direction,

oV
——a—y=Ecosﬂ==Ey

where f = angle between E and y axis
E, = component of E in y direction

v=105

FIGURE 2-17
Potential distribution with electric field E at a point P.
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By the principle of superposition the total field E at the point P is the vector
sum of the component fields at the point. Hence, :
‘ v 6V)

E=ﬁ = e —— R
E. +$E, (ﬁ ax+9 %

Thus, the gradient in this rectangular two-dimensional case is equal to the x and y
derivatives of the potential added vectorially. :

= _—grad V = -VV

EXAMPLE Suppose that in Fig. 2-17 the potential decreases by 2 V m ! in the x direction
and by 1 V m ! in'the y direction. Find the electric field E.

SOLUTION
grad V=—%x2—§1

and E=—grad V= %2 + §1 = 2.24/26.6° V m !
Therefore, E has a magnitude of 2.24 V. m ~! and is directed at an angle of 26.6° with respect
to the positive x axis (o = 26.6°).

The two-dimensional case discussed above can readily be extended to three
dimensions. Thus, as shown in Fig. 2-18, there are field components at the origin
in the three coordinate directions as follows:

RE, =RFEcosa = —ﬁa—-V
ox
ov

9Ey=yECOSB= - 5
ov

= E = — g -

2E, =2Ecosy 262

N>

YEy

>
>

FIGURE 2-18
Components of electric field in rectan-
gular coordinates. z
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By the principle of superposition the total field E at the origin is the vector sum of the
component fields, or
av av v
E=—-(%— —+2— 1
( ax+y6y+ 6z) M)
where the relation in the parentheses is the complete expression in rectangular coordi-

nates for the gradient of V. 1t is often convenient to consider that this expression is
the product of V and the operator del (V). Thus, in rectangular coordinates

a d a

V=R —+9—+2— 2

=¥t @

The quantity V is a vector operator. It is meaningless uatil applied. Taking the
product of V and ¥ yields the gradient of V. That is,

av

VV=ﬁ—+yﬂ/—+2a—V—gradV=—E 3)
0x dy

oz
Expressions for the gradient in other coordinate systems are given inside the back
cover.

/

2-15 THE ELECTRIC DIPOLE AND
ELECTRIC-DIPOLE MOMENT

The combination of two equal point charges of opposite sign separated by a small
distance is called an electric dipole, and the product Q! is called the electric-dipole
moment. If the two charges were superposed, the resultant field would be zero.
However, when the two charges are separated by even a small distance /, there is a
finite resultant field (see Fig. 2-13).

By regarding the separation between the charges as a vector 1, pointing from
the negative to the positive charge as in Fig. 2-19, the dipole moment can be expressed
as a vector Q1 with the magnitude Q! and the direction of L.

Referring to Fig. 2-19, the potential of the positive charge at a point P is

V= 2
47er,
The potential of the negative charge at P is
-0

vV,
2 4ner,
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P

FIGURE 2-19
Electric dipole.

The total potential V at P is then
11
V=V, +V2=—g—(———)

If the point P is at a large distance compared with the separation /, so that the radial
lines ry, r, and r, are essentially parallel, we have very nearly that

{ l
r1=r—§cos(9 and r2=r+§cos0

where r = distance from center of dipole to point P
@ = angle between axis of dipole and r
Hence, the potential V at a distance r from an electric dipole is

Qlcos 6
y=2"_
4mer?

™ | m

where it is assumed that r is much greater than / (r » /) so that terms in /2 can be
neglected compared with those in r2.
It is instructive to consider (1) as the product of four factors involving the dipole

moment, the angle, the distance, and a constant characteristic of the system of units |

employed. Thus,

1

4dne
Dipole Angle Distance Constant
moment factor factor

V= QI cos6 rlz 03]

Expressions for the potential and also the electric field of dipoles (and quadrupoles
and higher-order configurations) always contain these four kinds of factors.

A )
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To find the electric field of the dipole of Fig. 2-19 it is convenient to make use of
the gradient discussed in the preceding section. Thus, let us take the gradient of the
potential given by (1), obtainingt

oV 10V lecosf) Qlsin 6

Y LAY A

or rd8 2nmer 4mer’

)

where # = unit vector in r direction (see Fig. 2-20)
6 = unit vector in @ direction
[ = separation of dipole charges Q

e TTRE

FIGURE 2-20 I
Component fields and total field E at a !
distance r from an electric dipole. |

According to (3), the electric field has two components, as shown in Fig. 2-20, one in
the r direction (E,) and one in the 9 direction (E;). Thus

E = fE, + OE, C))

Qlcos 6
E ==—+
2ner’

_Qlsin @

and E, = e (Vm™ &)

or
In these equations the restriction applies that r > /.

By a similar procedure to that followed above it is possible to obtain the potential
and field relations for more complex charge configurations, e.g., the quadrupole or
octopole shown in Fig. 2-21 (see Probs. 2-15 and 2-16). The potential and field varia-
tions with distance for these configurations are listed in Table 2-1, along with the
distance factors for a dipole and a single charge. We note that the higher the order

t See inside back cover for gradient in spherical coordinates.
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Quadrupale
® o
FIGURE 2-21 © ®
Charge configuration (@) for a quadru-
pole and (b) for an octopole. (a) (b)

of the charge configuration the more rapidly the potential or field falls off with distance. .

We also note that for any given configuration the field falls off more rapidly than the
potential.

Table 2-1 DISTANCE FACTOR OF ELECTRIC
POTENTIAL AND ELECTRIC FIELD
FOR DIFFERENT CHARGE CON-

FIGURATIONS
Electric Electric
Configuration potential V field E
Single charge rt r-2
Dipole r-2 r-3
Quadrupole r-3 r.
Octopole r—* r=s

2-16- ELECTRIC FLUX

Referring to Fig. 2-22, imagine that the two point charges + Q and — Q are connected
by ‘tubes of electric flux or chargelike flow between them. The electric flux ¥ through
any tube is a constant given by

Y = DA ©
where D = average flux density, C m~?

A = cross-sectional area of tube, m~?2

More generally we have

y=[[p-ds=[[Dds (© ' 1)
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FIGURE 2-22

Electric field between two point charges
of opposite sign with flux tubes joining
them. The tubes follow the electric field
lines. Each tube has a constant amount | —nfinite plane
of flux.

This relation states that the electric flux through any surface equals the integral of the
flux density over the surface. In Fig. 2-22 y is constant along any tube. If all space
is filled with flux tubes connecting + Q and — @, the total flux through all the tubes
passing through the infinite plane separating the charges is equal to Q. Likewise
integrating D over the infinite plane yields Q, or

y=[[p-ds=0 (© )
infinite
plane

Consider next the electric field around a single isolated positive point charge Q
as in Fig. 2-23}%. This is given by

_. @

4rmer?

(2]
or eE=i‘Im—2

The second equation has the dimensions of charge per unit area, or electric flux
density. It follows that

D=t 3

or D =¢E “

t We imagine that the field lines end on an equal negative charge distributed over the

inside of a sphere at infinity. ,
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Eor D

FIGURE 2-23

Electric field of an isolated positive point
charge Q. The flux density D at a radius
r is the same as the surface charge den-
sity on the sphere if Q were uniformly
distributed over the sphere.

where D = electric flux density, C m ™2

€ = permittivity of medium, F m™

E = electric field intensity, V m™!
According to (4), the flux density and field intensity are vectors with the same direction.
This is true for all isotropic media, i.e., media whose properties do not depend on
direction.

Since 4nr? equals the area of a sphere of sadius r, it follows that the magnitude
of D at the radius r is identical with the surface charge density which would occur if
the charge Q were distributed uniformly over a sphere of radius r instead of concen-
trated at the center (see Fig. 2-23).

1

2-17 ELECTRIC FLUX OVER A CLOSED SURFACE;
GAUSS’ LAW

Referring to Fig. 2-24, let a positive point charge Q be situated at the center of an
imaginary sphere of radius ». The infinitesimal amount of electric flux through the
surface element ds is given by

dy=D-ds

Integrating this over the sphere of radius r then gives the total flux through the sphere

Y= jD-ds 1y
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FIGURE 2-24
Point charge Q at origin of spherical
coordinate system.

We note that D is everywhere normal to the sphere, so that
D-ds=Dds

where D =|D|{ = scalar magnitude of the vector D
ds = |ds| = scalar magnitude of the vector ds
From (1) and (2-16-3)

V= [z @

*From Fig. 2-24 ds = (r d0)(r d¢ sin 0) = r2 sin 0 dO d¢, and the solid angle dQ sub-
tended by the spherical element of surface area ds is ds/r® = dQ = sin 0 d0 d¢;
therefore

v = % [[ae = %f: f:sin 0.do do

9 a (9 _
=4—7-r[~—cos(9]ofo d¢_ax2x2n—Q 3)

Thus, the total electric flux over the sphere (obtained by integrating the normal
component of the flux density D over the sphere) is equal to the charge Q enclosed by
the'sphere.  We could have obtained the result in this case more simply by multiplying
D = Q/4nr? by the area of the sphere (4nr?). However, the above development
serves to illustrate a more general procedure which can also be applied to cases where
D is not constant as a function of angle.
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The resulit in the above example is a statement of Gauss’ law for a special case.
A general statement of Gauss’ lawt for electric fields is:
The surface integral of the normal component of the electric flux density D over
any closed surface equals the charge enclosed. l
Thus, in symbols

Hpcoseds=f1)-ds=g ©) @

where Q is the total or net charge enclosed. This charge may also be expressed as the
volume integral of the charge density p, so that :

[[p-as=[[pav=0 )

where the surface integration is carried out over a closed surface and the volume
integration throughout the region enclosed. An alternative notation is

§sn-ds=§§vpdv=g (6)

where §s = double, or surface, integral over closed surface

$, = triple, or volume, integral throughout region enclosed

Gauss’ law is the basic theorem of electrostatics. It is a necessary consequence
of the inverse-square law (Coulomb’s law). Thus, if D for a point charge did not
vary as 1/r?, the total flux over a surface enclosing it would not equal the charge.

To illustrate Gauss’ law, several situations will be analyzed with its aid in the
following sections.

2-183 SINGLE SHELL OF CHARGE

Referring to Fig. 2-25a, suppose that a positive charge Q is uniformly distributed over
an imaginary spherical shell of radius r;. The medium is air. Applying Gauss’ law
by integrating D over a spherical surface (radius r, — dr) just inside the shell of charge,
we have

e§ E-ds=0 ()
s
since the charge enclosed is zero. It follows from symmetry that E inside the shell

t Propounded by Karl Friedrich Gauss in 1813.
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(a)
()]
(¢)
p

FIGURE 2-25 ' "

Uniformly charged spherical sheil with "—Ps='4$7

graphs showing variation of electric ! (d)

field intensity E, electric potential ¥, and Pe

surface charge density p, as a function of

radial distance r. n r

[ )
is zero. Applying Gauss’ law to a spherical shell (radius r, + dr) just outside the shell
of charge, we have, neglecting infinitesimals,

ej; E-ds = ¢, Fdnr, = Q 2)
__ @
or E= 4megr,? 3

This value of field intensity is identical with that at 4 radius r, from a point charge Q.
We can therefore conclude that the field outside the shell of charge is the same as if the
charge Q were concentrated at the center. Summarizing, the field everywhere due to
a spherical shell of charge is

E=0inside r<r O]
E=¢ _2 outside r=r, &)
dneyr? -

The variation of E as a function of r is illustrated by Fig. 2-25b.f

t Note that a point charge at the origin gives an infinite E as r—>0 but a surface
charge of finite area at a radius r, gives a finite E as r—r;. This is because the
volume charge density p of a point charge is infinite, whereas the surface charge
density ps of the shell of charge is finite. In the present case ps = Q/4nr2.
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The absolute potential at a radius  outside the shell is given by
V=-— f E-dr ©)

Introducing the value of E from (5),

V=__Q__’dr 0

—_ = Vm™! 7
dneg Vo r* dmeyr (Vm™ ™
At the shell, where r = r,, we have
y=_2 ®
Areyry

Since E inside the shell is zero, it requires no work to move a test charge inside and
therefore the potential is constant, being equal to the value at the shell. Summarizing,
the electric potential everywhere due to a spherical shell of charge of radius r, is

V=

= Inecr, inside r<rn C))

V= outside r=r (10)

TEg ¥
The variation of V as a function of r is illustrated by Fig. 2-25c. The variation of
the surface charge density p, is shown by Fig. 2-25d. The surface density is zero
everywhere except at r = r,, where it has the value Q/4rr,2, as indicated by the vertical
line, or spike.

It is to be noted that the potential is continuous, both (9) and (10) being equal
at the shell (r =r;). However, the electric field is discontinuous, jumping abruptly
from zero just inside the shell to a value Q/4ne,r,? just outside the shell. This results
from the assumption that the shell of charge has zero thickness.

2-19 CONDUCTORS AND INDUCED CHARGES

A conductor can conduct, or convey, electric charge. In static situations a conductor
may be defined as a medium in which the electric field is always zero. It follows that
all parts of a conductor must be at the same potential. Metals such as copper, brass,
aluminum, and silver are examples of conductors.

When a metallic conductor is brought into an electric field, different parts of
the conductor would assume different potentials were it not for the fact that electrons
flow in the conductor until a surface charge distribution is built up that reduces the
total field in the conductor to zero.t  This surface charge distribution is said to consist

T The electrons in the outermost shell of the atoms of a conductor are so loosely held
that they migrate readily from atom to atom under the influence of an electric field.

*




46.. ELECTROMAGNETICS [cHAP. 2

Of induced charges. The field in which the conductor is placed may be called the
applied field E,, while the field produced by the surface charge distribution may be
called the induced field E;. The sum of the applied and induced fields yields a total
field in the conductor equal to zero. Although the total field inside the conductor is
zero after the static situation has been reached, the total field is not zero while the
induced charges are in motion, i.e., while currents are flowing.

To summarize, under static conditions the electric field in a conductor is zero,
and its potential is a constant. Charge may reside on the surface of the conductor,
and, in general, the surface charge density need not be constant.

Conducting
shell

FIGURE 2-26
Conducting shell of wall thickness b — a

with point charge Q at center. Induced charges

220 CONDUCTING SHELL

An initially uncharged conducting shell of inner radius @ and outer radius b (wall
thickness b — a) is shown in cross section in Fig. 2-26.  Let a point charge + Q be
placed at the center of the shell.  This might be done by introducing the charge through
a hole in the shell which is plugged after the charge is inside.t The point charge has
# radial electric field. Let this be called the applied field E,. For the total field E
in the conducting wall to be zero requires an induced field E; inside the wall such that

E,+E,=E=0 )
or Ei= _Ea (2)

The induced field E, is produced by a distribution of induced negative charges on the
inner shell wall and induced positive charges on the outer shell wall, as suggested in
Fig. 2-26. Let us apply Gauss’ law to this situation to determine quantitatively the
magnitude of these induced charges.

+ This is an idealized version of an experiment first performed by Faraday, using
an ice pail.
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FIGURE 2-27
Conducting shell of wall thickness b — a
with surfaces of integration.

Suppose that an imaginary sphere designated S, with a radius a — dr is situated
just inside the inner wall of the shell as in Fig. 2-27. By Gauss’ law the surface
integral of the normal component of D over this sphere must equal + Q. That is,

3{; D-ds=+0 3)
St

Applying Gauss’ law to the sphere S, of radius a + dr just inside the conductor, we
have, since the total field E in the conductor is zero,

D-ds=¢¢ E-ds=0 ©)]
S2 Sz
Thus, the total charge inside the sphere S, must be zero. It follows that a charge — Q
is situated on the inner surface of the shell wall. Since the shell was originally un-
charged, this negative charge Q, produced by a migration of electrons to the inner
surface, must leave a deficiency of electrons, or positive charge Q, on the outer surface
of the shell. It is assumed that the surface charges reside in an infinitesimally thin
layer.
Applying Gauss’ law to the sphere S; of radius b + dr just outside the outer
surface of the shell, we then have

D-ds=+0 (5)
S3 .

To summarize, the charge + Q at the center of the shell induces an exactly
equal but negative charge — Q on the inner surface of the shell, and this in turn results
in an equal positive charge (+ Q) distributed over the outer surface of the shell.
The flux tubes originating on + Q at the center end on the equal negative charge on the
inside of the shell. There is no total field and no flux in the shell wall. Outside the
shell the flux tubes continue from the charge + Q on the outer surface as though no
shell were present. The variation of the component fields E, (applied) and E;
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Conducting shelt

Component Za (b) E (0]
fields * E,
'a
] ——
r r
V5
Total c
field (e) E (9)
E
—— —
r r
Potential (d) v (h)
FIGURE 2-28 v S —
Conducting shell of wall thickness b — a
with graphs showing variation of applied r T
field E,, induced field E;, total field E, .
potential V, surface charge density p, Surface (e) Ps ()
with charge Q at center (b, ¢, d, and ¢) :22;?& T 1 o - 1
and with charge only on outside of shell O | r
(f, 9, h, and i).

(induced) as a function of r is illustrated by Fig. 2-28b. The variation of the total
field E is shown in Fig. 2-28c. ‘

If a conducting wire is connected from the inner surface of the shell to the charge
+ Q at the center, electrons will flow and reduce the charge at the center and on the
inner surface to zero. However, the charge + Q remains on the outer surface of
the shell. This results in an applied field only external to the shell (r > ) and of the
same value as before. There is no induced field whatsoever. Thus, the total field
is identical with the applied field and is zero for r < b as shown by Fig. 2-28f and g.
This final result might have been achieved more simply in the first place by applying
the charge + Q to the outside of the originally uncharged conducting sphere.

The variation of V and p, as a function of » when the charge + Q is at the center
of the sphere is indicated in Fig. 2-284 and e, while the variation when the charge is
only on the outside of the shell is shown by Fig. 2-284 and i.

/
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2-21 CAPACITORS AND CAPACITANCE

A capacitort is an electrical device consisting of two conductors separated by an
insulating or dielectric medium.

By definition the capacitance of a capacitor is the ratio of the charge on one of
its conductors to the potential difference between them. Thus, the capacitance C
of a capacitor is

Y
x2=C I
< )
where Q = charge on one conductor
V = potential difference of conductors
Dimensionally (1) is
Charge charge charge?

— = = = capacitance
Potential energy/charge  energy pactia

or in dimensional symbols
QZ 12 T4
MIT? ~ MIL?
The SI unit of capacitance is the farad (F). Thus,1 CV~!equals 1 F, or

Coulombs

Volt = Farads

In other words, a capacitor that can store 1 C charge with a potential difference of 1 V
has a capacitance of 1 F. Since a capacitor of 1 F capacitance is much larger than is
ordinarily used in practice, microfarads (uF) and picofarads (pF) are commonly used. ‘

4 +Q
FIGURE 2-29 T
Parallel-plate capacitor with voltage T E D
difference ¥ and plate charge Q. The 14 ‘ " € d
area of each plate is A, and the plate L _l_
separation is d. -Q

EXAMPLE A parallel-plate capacitor consists of two flat metal sheets of area A seﬁarated
by distance d, as shown in cross section in Fig. 2-29. If the medium has a permittivity e,
find the capacitance.

1 Formerly called a condenser.
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SOLU;I'ION If a voltage V is applied between the plates, we have
V=Fd (V)
where E is the electric field between the plates. The charge on one plate is given by
Q= DA ©

where D is the flux density between the plates. But D = €E; so Q = e¢EA, and the capaci-
tance is

eFEA _
Ed

_e
C—V

NN

(F)

Thus the capacitance is proportional to the permittivity €, and the plate area 4 and is inversely
proportional to the plate-separation distance d. It was assumed that the field was uniform
between the plates and zero outside (no fringing). Actually any fringing effects will be small
if the plates are large compared to d.

2-22 BOUNDARY RELATIONS AT A
CONDUCTING SURFACE

Referring to Fig. 2-30, let a thin imaginary volume element be constructed at the
surface of a conductor. The medium outside the conductor may, for example, be air.
The volume element is half in the conductor and half in air. The volume element has
an area A parallel to the conductor surface but has an infinitesimal thickness d/
normal to the surface. According to Gauss’ law, the normal component of the flux

7
+
H
oy fe—dl
/ 4
+|
+ D
4 —
+] Area A
+]
+ Volume
+! element
FIGURE 2-30 +
Conductor-air boundary with cross sec- }
tion through small volume element half Conduct A
in the conductor and half in air. onductor i




SEC. 2-22} THE STATIC ELECTRIC FIELD: PART 1 51

. density D over the volume element must equal the total charge Q enclosed. Thus, if
_ ps is the surface charge density, we have

§D-ds=Q=psA 1)

Now D in the conductor is zero, and so the integral reduces to the normal component
D, of the flux density in air multiplied by the area 4. Hence

D, A=p A

or D,=p, 2

This important boundary relation states that the normal component of the flux density
D at a conducting surface equals the surface charge density. Both D, and p, have the
dimensions of charge per area and are expressed in coulombs per square meter (C m™?2).

If a thin conducting sheet is introduced normal to an electric field, surface charges
are induced on the sheet so that the original field external to the sheet is undisturbed.
The value of the induced surface charge density p; is, by (2), equal to the flux density
D at the sheet. Hence, one can interpret the flux density D at a point as equal to the
charge density p, which would appear on a thin conducting sheet introduced normal
to D at the point. Referring, for example, to the thin conducting sheet normal to
the field in Fig. 2-31, the relation of D and p, is as follows:

On left side: D = —fip,
On right side: D = +fip,

where fi is the unit.vector normal to the surface. Thus D is normally inward on the

left side and normally outward on the right.  The magnitude of the flux density on ’

each side is equal to the charge density p;.

l— Thin sheet

-+

-+

-t

-+

— e
D —|+ D
FIGURE 2-31
Thin conducting sheet placed normal to . -+
! den-

ﬁeld has an induced surface Fharge en [T Surface charge
sity p; equal to the flux density D of the + density
field at the sheet. The surface charge *
densities on the two sides of the sheet are -+
equal in magnitude but opposite in sign.

e o L
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PROBLEMS

Note: €= €, everywhere.

* 2-1 Find the force F on a positive point charge of 100 pCat a distance 100 mm from
a positive point charge of 10 nC.
* 2-2 A positive point charge of 10 pC is located at x = 0, » = 100 mm and another such

charge at x =0, y =—200 mm. Find the magnitude and direction of the force F on a
positive point charge of 10 nC at x = 300 mm, y = 0.

* 2-3 Find the electric field intensity E and the absolute potential ¥ at a distance 100 mm
from a positive point charge of 10 nC.
* 2-4 Two positive point charges of 1 C each are separated by 2a. At the point halfway

between find the electric field E (magnitude and direction) and electric potential V.

2-5 A positive point charge of 1 C and a negative point charge of 1 C are separated
by 2a. At the point halfway between find the electric field E (magnitude and direction) and
the electric potential V.

2-6 A point charge of —1.6 uC is at the origin, and positive point charges of 1 uC
are 3 m in the +y and —y directions. At a point 4 m from the origin in the x direction
find the electric field E (magnitude and direction) and electric potential V.

* 2-7 A charge of +3 nC is at the point x =0, y =2 m, and a charge of —1 nC is
at the point x =0, y=—2 m. Find the electric field E (magnitude and direction) and the
electric potential ¥ at the point x =0, y=—1m.

* 2-8 Find the unit normal to the plane 3x 4+ 4y + 5z = 10.

2-9 A potential distribution is given by ¥ = 6x + 3 V. What is the expression for E?
What is its vector value (magnitude and direction) at the point (0,0) and at (10,0), that is,
x=0,y=0and x=10, y=0? ’

* 2-10 A potential distribution is given by V= 3y1/2 V. What is the expression for E?
What is its vector value (magnitude and direction) at the points (0,0), (4,0), and (0,4)?

* 2-11 A potential distribution is given by V= 7y? 4 12x V. What is the expression
for E? What is its vector value (magnitude and direction) at points (0,0), (5,0), (0,3), and
(5,3)?

2-12 A potential distribution is given by ¥'= 5/(x® 4+ y 4 z%) V.  What is the expres-
sion for E? What is its vector value at the points (0,0,4) and (5,4,3)?
2-13 A potential distribution is given by ¥V =kr/2sin §. Find E.

* 2-14 Two small-diameter 10-g dielectric balls can slide freely on a vertical plastic
thread. Each ball carries a negative charge of 1 uC. (a) Find the separation if thelowerball
is restrained from moving. (b) What is the dipole moment ?

2-15 (a) Show that at a large distance from a quadrupole (as in Fig. 2-21a) the potential
is given by

- QI?sin 8 cos 0
o 27760 r3

* Answers to starred problems are given in Appendix C.
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where Q = individual charge

! = spacing between charges

r = radial distance

8 = angle from x or y axis to radial line (quadrupole oriented as in Fig. 2-21a)
(b) Find the electric field E. )

2-16 As an extension of Prob. 2-15 find the potential V and electric field E at a large
distance r from an octopole as in Fig. 2-215.

2-17 A charge of 420 is located at the point x=0, y =1 and a charge + Q at the
point x =0, y=—1. Find the point for which E= 0.

2-18 A charge of +2Q is located at the point x=0, y=1 and a charge —Q at
the point x =0, y=—1. Find the line in the xy plane for which V' =0. Draw a graph.

2-19 A dipole in a uniform field experiences no translational force. However, it
does experience a torque tending to align the dipole axis with the field. Show that for a
dipole of moment g/ in a uniform field E this torque is ¢/E sin 8, where 8 is the angle between
the dipole axis and the field.

* 2-20 A positive charge of 10 nC is uniformly distributed throughout a spherical
volume of radius R =100 mm. (@) Find E and Veverywhere. (b) Drawa graphof Eand V'
as a function of radius from the center of the sphere to a radius of 400 mm.

2-21 A sphere of radius R has a charge-density function p = kr%. Find E and V in-
side and outside the sphere. Note that four answers are required.

2-22 A shell of thickness r. —r, has a charge-density function p=kr. (@) Find
E and V for all values of r. Note that six answers are required. (b)) Draw a graph of E
and V as a function of r to a distance 3r,.

2-23 Show that the vectors A = X + 4§ - 32 and B = 4% + 2§ — 4% are perpendicular.

2-24 Find A -B where A = 3% + 2§ + % and B is a unit vector in the r direction at
@ = 45° and ¢ = 30°.

* 2-25 If E=%x + §y + 2z, find the total electric flux over a sphere of radius R.

2-26 Point charges are situated as follows: 10nCatx=0,y=20,20nC at x=13,
y=0m;and —-30nCatx=0,y=4m. (a) Find V,E,and Dat x=3, y=4m. Give
units. (b) What is the total electric flux over spheres of radius 1, 3.5, and 5 m?

2-27 A cubical volume of side length 2/ has a uniform charge density p. Find
the integral of the normal D over one face (—/ <x <I; —I<y <)).

2-28 Using Gauss’ law, find the total electric charge inside a cubical volume 1 mon a
side situated in the positive octant with three edges coincident with the x, y, z axes and one
corner at the origin if the electric flux density D is given by (a) D =%(x + 3) and (b) D=
¢+ 4.

* 2-29 Using Gauss’ law, find the total electric charge inside a cubical volume 2 m
on a side situated in the positive octant with three edges coincident with the x, y, z axes and
one corner at the origin if the electric flux density D is given by (a) D = £2x%; (b) D = &xyz;
(©) D=R(x+3)+ §( + 4) + 2z + 5); (d) D =%xyz + §x*y2z2 + 2x3p3z3.

2-30 Eight equal positive or negative point charges are located at points (x,y) of
(100,100), (100,250), (100,400), (250,100), (250,400), (400,100), (400,250), and (400,400) mm.
Using a computer program and one of the charge configurations of Fig. P2-30 (or othé_r
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5
g

FIGURE P2-30 -

_ Computer-generated potential contour maps for 12 different configurations of 8
charges of the same magnitude with signs as indicated. The heavy line is the zero-
potential contour.

combinations), obtain a computer-plotted contour map of the area 0 <<x <500, 0 <y <
500 mm and label all contours with the proper potential (voltage). The actual map can be
drawn to some convenient gize smaller than 500 by 500 mm by applying a scale factor. All
charges are +4 nC, so that the potential at any point is

y— ! 29 Z} o

4meq r
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Make the contour interval 1 or 2 V. In Fig. P2-30 contours are shown only at 5- or 10-V
intervals except in interesting regions, where the intervalis 1 V. The heavy lines in Fig. P2-30
are the zero-potential contours.

2-31 Referring to the potential contour map of Prob. 2-30, determine the field E at the
points (50,50), (50,450), (150,150), (150,350), (200,200), (200,300), (250,250), (300,200),
(300,300), (350,150), (350,350), (450,50), and (450,450) mm by noting the contour orientation
and interval (V¥) and also by the vector addition of the field contributions from each of the
eight charges. Compare the values of E obtained as the gradient of ¥ from the map and by
vector addition of the field contributions from the individual charges. Add arrows of ap-
propriate length and orientation on the map to indicate the value of the field E at the above
points.

2-32 Complete the map of Prob. 2-30 by drawing the electric field lines (with arrows)
as in Figs. 2-13 and 2-14. Note that this is not a two-dimensional problem (¥ varies per-
pendicular to page), so that an area bounded by ¥ and E lines for a constant voltage increment
will not form curvilinear squares over the entire map (see Sec. 3-22). .

2-33 If the mass of the earth were uniformly distributed in a thin spherical shell
of the same radius as the earth, show that the gravitational field outside would be unchanged
but inside would be zero.

* 2-34 (d) What electric charge would be required on the earth and the moon to balance
their gravitational attraction if the charges were in the same ratio as the masses? Take the
mass of the earth as 6 x 1024 kg, of the moon as 7 X 1022 kg, and their separation as 400 Mm.
The gravitational constant in the analog to Coulomb’s law is 6.7 X 10~'* N m? kg2,
(b) If the charges were of opposite sign what is the dipole moment ?

2-35 An isolated metal sphere has a radius R. Find its capacitance.

2-36 The earth is surrounded by an ionized shell, or ionosphere. If it is assumed to
be equivalent to a conducting shell at a height of 500 km, what is the capacitance of the earth-
shell combination? '

2-37 Show that Gauss’ law depends on the inverse-square law, that is, Eoc1/r?
for a point charge.

* 2-38 Two concentric shells have radii r, and r,. Charge + @, is uniformly distrib-
uted over the shell of radius r,, and charge + Q. is uniformly distributed over the shell of
radius r,. Apply Gauss’ law to find (a) the field E everywhere and (b) the potential V
everywhere.

2-39 What is the capacitance of the earth? Take the earth’s radius as 6.4 Mm.

* 2-40 A thin-walled metal sphere of 10 liters capacity is filled with nitrogen at atmos-
pheric pressure. If one electron is removed from each molecule of the gas (and removed to a
large distance from the sphere) find the potential of the sphere. The medium outside the
sphere is air. Take the density of the nitrogen gas as 3 X 10?2 molecules per liter.

2-41 Two concentric spherical metal shells have radii r, and »,. Find their capaci-
tance. The shell thickness is negligible.

2-42 Describe how electrostatic fields are employed in the operatlon of a xerographic
machine. See, for example, A. D. Moore, Electrostatics, Sci. Am., 226: 47 (March 1972).




3

THE STATIC ELECTRIC FIELD: PART 2

3-1 INTRODUCTION

This chapter extends the theory introduced in Chap. 2 to include material media’
The conditions of homogeneity, linearity, and isotropy are pointed out. The influence
of a dielectric medium on field distributions is discussed, and the concepts of electro-
static energy and energy density are introduced. The fields of several charge distribu-
tionsarefound. Introduction of the divergence conceptleads to Maxwell’s divergence
equation in D, which is then applied to the parallel-plate capacitor.

3-2 HOMOGENEITY, LINEARITY, AND ISOTROPY

A medium is homogeneous if its physical characteristics (mass density, molecular
structure, etc.) do not vary from point to point. [f the medium is not homogeneous,
it may be described as inhomogeneous, nonhomogeneous, or heterogeneous.

A medium is linear with respect to an electrostatic field if the flux density D is
proportional to the electric field intensity E. This is the case in free space, where
D =¢,E. Here the factor ¢y, or permittivity, is a constant. In material media the
permittivity ¢ may not always be constant. If it is not, the material is said to be
nonlinear.
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An isotropic material is one whose properties are independent of direction.
Generally, materials whose molecular structure is randomly oriented will be isotropic.
However, crystalline media or certain plasmas may have directional characteristics.
Such materials are said to be nonisotropic or anisotropic.

In this book concepts are usually developed first for the case where the medium
is homogeneous, linear, and isotropic.t Later the ideas may be extended to cases where
one or more of these restrictions no longer hold.

3-3 DIELECTRICS AND PERMITTIVITY

In a conductor the outer electrons of an atom are easily detached and migrate readily
from atom to atom under the influence of an electric field. In a dielectric, on the other
hand, the electrons are so well bound or held near their equilibrium positions that they
cannot be detached by the application of ordinary electric fields. Hence, an electric
field produces no migration of charge in a dielectric, and, in general, this property
makes dielectrics act as good insulators. Paraffin, glass, and mica are examples of
dielectrics.

An important characteristic of a dielectric is its permittivity} €. Since the per-
mittivity of a dielectric is always greater than the permittivity of vacuum, it is often
convenient to use the relative permittivity ¢, of the dielectric, i.e., the ratio of its
permittivity to that of vacuum. Thus

e, =< 0

where ¢, = relative permittivity of dielectric
¢ = permittivity of dielectric

€y = permittivity of vacuum = 8.85 pF m~
Whereas € or €, is expressed in farads per meter (F m~'), the relative permittivity e,
is a dimensionless ratio.

The relative permittivity is the value ordinarily given in tables. The relative
permittivity of a few media is shown in Table 3-1, where the values are for static (or
low-frequency) fields and, except for vacuum or air, are approximate. Note that
¢, for air is so close to unity that for most problems we can consider air equivalent to
vacuum.

1

+ Dielectrics of this type are sometimes designated Class A dielectrics.
t Also called the dielectric constant. However, the permittivity is not always a con-
stant, as one might be led to infer by this term (see Chap. 8).




Table 3-1 PERMITTIVITIES OF DIELECTRIC MEDIAt

Relative
Medium - permittivity €,
VacuUum . ... it e e e 11

. Air (atmospheric pressure) .............c...oiiaii... 1.0006

Styrofoam .............iiii e e e 1.03
Paraffin .......... . ... .. . 2.1
Plywood ... e 2.1
Polystyrene ........ ...ttt 2.7
Amber.................. e e 3.0
RUbBbEr ... .o e 3
Plexiglas ....... ..o e 34
Drysandysoil ........... ... ... i, 34
Nylon(solid) .......cooiviiiiiiiiiii i, 3.8
QUL .o i e i ea e 4
(087 g 7/ 5
Bakelite .......... ...t 5
Formica .......... P 6
Lead glass ........c.oiiiiiiiiiiiiiiiieeiininnnn 6
Mica.......... et P 6
Marble. . ...t e e e 8
Flintglass ........ ... it 10
Ammonia (liquid) ............ .. ... .o .. 22
GlYCerin. .. et i et e 50
Water (distilled) .............ciiiiiiiiiii i 81
Rutile (TiO2) ...ttt iiaeaeannen 89-173§
Barium titanate (BaTiO3) .............covvvnvnnn. 1,2

Barium strontium titanate (2BaTiO; : 1SrTiO3) .... 10,0007
Barium titanate zirconate (4BaTiO; : 1BaZrO,) .... 13,0001t
Barium titanate stannate (9BaTiO; : 1BaSnO3) .... 20,0001t

t For a comprehensive tabulation of permittivities, see A. R. Von Hippel,
‘ Dielectric Materials and Applications,” pp. 301-370, The M.LT.
Press, Cambridge, Mass., 1954.

1 By definition.

§ Crystals, in general, are nonisotropic; i.e., their properties vary with
direction. Rutile is an example of such a nonisotropic crystalline
substance. Its relative permittivity depends on the direction of the
applied electric field with relation to the crystal axes, being 89 when the
field is perpendicular to a certain crystal axis and 173 when the field is
parallel to this axis. For an aggregation of randomly oriented rutile
crystals ¢, = 114. All crystals, except those of the cubic system, are
nonisotropic to electric fields; i.e., their properties vary with direction.
Thus, the permittivity of many other crystalline substances may vary
with direction. However, in many cases the difference is slight. For
example, a quartz crystal has a relative permittivity of 4.7 in one direc-
tion and 5.1 at right angles. The average value is 4.9. The nearest
integer is 5, and this is the value given in the table.

4 The permittivity of these titanates is highly temperature-sensitive.
The above values are for 25°C. See, for example, E. Wainer, High
Titania Dielectrics, Trans. Electrochem. Soc., 89 (1946).

t+ K. W. Plessner and R. West, High-permittivity Ceramics for Capaci-
tors, in J. B. Birks and J. H. Schulman (eds.), “* Progress in Dielectrics,”
vol. 2, John Wiley & Sons, Inc., New York, 1960.
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34 THE ELECTRIC FIELD IN A DIELECTRIC/ ]

In free space, the electric field is defined as force per unit charge/ This implies that the
electric field in free space is a measurable quantity. However, to measure the electric
field inside a dielectric or other material medium may be very difficult or impractical.
But, if we confine our attention to the external effects of the dielectric, such internal
measurements become unnecessary provided a theory can be formulated for the be-
havior of the dielectric which produces agreement with external measurements. Thus,
a distinction should be made between an electric field as a measurable quantity (as in
free space) and an electric field as a theoretical quantity (as in a dielectric).f In this
chapter a theory for the electrostatic field in a dielectric is developed and then related
to the external field by means of boundary conditions.

3-5 POLARIZATION

Although there is no migration of charge when a dielectric is placed in an electric
field, there does occur a slight displacement of the electrons with respect to their
nuclei so that individual atoms behave like very small, or afomic, dipoles.f When
these atomic dipoles are present, the dielectric is said to be polarized or to be in a
state of polarization. When the field is removed and the atoms return to their normal,
or unpolarized, state, the dipoles disappear.§

In the above simple picture an atom of a dielectric material is represented by an
electric dipole, i.e., a positive point charge representing the nucleus and a negative

point charge representing the electronic charge, the two charges being separated by a’

small distance. The electrons revolve in orbits around the nucleus and act like a
negatively charged cloud surrounding the nucleus. When the atom is unpolarized,
the cloud surrounds the nucleus symmetrically, as in Fig. 3-1a, and the dipole moment
is zero (the equivalent positive and negative point charges have zero displacement).
Under the influence of an electric field the electron cloud becomes slightly displaced or
asymmetrical, as in Fig. 3-1b, and the atom is polarized. According to our simple
picture, the atom may then be represented by the equivalent point-charge dipole of
Fig. 3-1¢ (dipole moment = QI).

+ The Teaching of Electricity and Magnetism at the College Level (Report of the
Coulomb’s Law Committee of the American Association of Physics Teachers),
Am. J. Phys., 18 (1):5 (January 1950).

1 The dipoles may also be of molecular size. 1In a liquid the molecules are free to turn
when a field is applied, and this may result in a relatively large permittivity. Water is
an example.

§ When polarization in a dielectric persists in the absence of an applied electric field,
the substance is permanently polarized and is called an electrer. A strained piezo-
electric crystal is an example of an electret.
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UNPOLARIZED ATOM (@)
Positive Negatively
nucleus charged cloud
E
Effective POLARIZED ATOM (b)
center

of cloud

FIGURE 3-1 E

Unpolarized atom as in (a) becomes

po]z}l:xged Eas 1.n (lb) w(I;.en 1elc:f:tn;:1 field 1: -Q +Q EQUIVALENT DIPOLE ()
?Sp ied. Equivalent dipole is shown a e"@l (Moment=Q1)

Consider the dielectric slab of permittivity ¢ in Fig. 3-2a situated in vacuum.
Let a uniform field E be applied normal to the slab. This polarizes the dielectric,
i.e., induces atomic dipoles throughout the slab. In the interior the positive and nega-
tive charges of adjacent dipoles annul each other’s effects. The net result of the polari-
zation is to produce a layer of negative charge on one surface of the slab and a layer
of positive charge on the other, as suggested in Fig. 3-2q.

The effect of the atomic dipoles can be described by the polarization P or dipole
moment per unit volume. Thus,

P= ¢))

p_QL
v v

where p = QL is the net dipole moment in the volume ». For example, consider the
rectangular volume of surface area 4 and thickness L (v = AL) in Fig. 3-2a. For

this volume

=—=Z=-Z=psp (2)

where p;, is the surface charge density of polarization charge appearing on the slab
faces. Thus, P has the dimensions of charge per area, the same as D.

The value of P in (2) is an average for the volume ». To define the meaning of
P at a point, it is convenient to assume that a dielectric in an electric field has a continu-
ous distribution of infinitesimal dipoles, i.e., a continuous polarization, whereas the
dipoles actually are discrete polarized atoms. The assumption of a continuous
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7 onplates \

Ry Dielectric slab.
. :4-—/"_ \

A AN
~Charges {4+ Charges
Plon this face A

on this face [

(a) (b)
FIGURE 3-2

(@) Dielectric slab in uniform electric field. (b) Parallel-plate capacitor with dielec-
tric slab in lower part,

distribution leads to no appreciable error provided that we restrict our attention to
volumes containing many atoms or dipoles, i.e., to macroscopic regions. Assuming
now a continuously polarized dielectric, the value of P at a point can be defined as the
net dipole moment p of a small volume Av divided by the volume, with the limit taken
as Av shrinks to zero around the point. Thus,

p
Al,l,r-l;lo Av (3)
Consider now a uniform electric field in a parallel-plate capacitor with plates
separated by a distance d, as in the cross-sectional view of Fig. 3-2b. There is a voitage
V between the plates so that the electric field E = V/d everywhere. The medium in
the upper part of the capacitor is vacuum (or air) with permittivity ¢,. The lower
part is filled with a dielectric of permittivity €. The dielectric completely fills the
space between the plates, but in Fig. 3-2b there is a gap in order to show the charges on
the plates.
In the upper part of the capacitor (Fig. 3-2b) we have

Dy =€y E @
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where D, = electric flux density in vacuum (or air-filled) part of capacitor, C m™?

€o = permittivity of vacuum = 8.85 pF m™!
E = V/d = electric field intensity, V. m™*
In the lower, dielectric-filled part of the capacitor the electrlc field polarizes

the dielectric causing a surface charge density p,, to appear on both faces of the di-
electric slab. These bound charges induce free charges of opposite sign on the
capacitor plates (compare upper and lower parts of Fig. 3-2b). As a result the free-
charge surface density on the plates is increased by p,,. Therefore, in the dielectric
we have

Dd=€0E+psp (5)

but from (2) p,, = P, and so
Dy=¢E+P ©6)

where D, = electric flux density in dielectric, C m™2

€o = permittivity of vacuum = 8.85 pF m™!

E = electric field intensity, V m™!

P = polarization (of dielectric), C m
Equation (6) implies the presence of dielectric (because of the P term), and so the
subscript to D is redundant. Therefore, (6) can be written

-2

D=¢E+P Q)

Although developed for the special case of a parallel-plate capacitor, (7) is a (vector)
relation which applies in general.
In the dielectric we can also write

D=D,=¢E ®)

where ¢ is the permittivity of the dielectric material in farads per meter. Equating
(6) and (8) gives

eE=¢,E+P ()]
P P
or e=eo+E or E:e-—eo (10)

The ratio P/E is also sometimes written

P
F = Xéo (an



SEC, 3-6] THE STATIC ELECTRIC FIELD: PART 2 63

where y is the electric susceptibility (dimensionless). Comparing (10) and (11) gives
X=6€— 1 (]2)

Thus, the susceptibility y = 0 for vacuum, for which ¢, = 1. '

EXAMPLE Find the relative permittivity €, and polarization P for the dielectric slab of
Fig. 3-2b. Assume each plus or minus sign represents 1 nC m-2and 4 = 1 m2.

SOLUTION
€= — = —— = = = (dimensioniess)

By inspection of Fig. 3-26 we can write
P=p,=2nCm~™?
This result can also be obtained as follows. From (6)
P=D,— ¢ FE
Therefore,
P=5-3=2nCm~™?
the same as before.

In isotropic media P and E are in the same direction, so that their quotient is a
scalar and hence ¢ is a scalar. In nonisotropic media, such as crystals, P and E are,
in general, not in the same direction, so that ¢ is no longer a scalar (see Chap. 15).
Thus, D = ¢, E + P is a general relation, while D = ¢E is a more concise expression,
which, however, has a simple significance only for isotropic media or certain special
cases in nonisotropic media.

3-6 ARTIFICIAL DIELECTRICS .

Certain of the properties of a dielectric material may be simulated with artificial
dielectrics, which were developed as a material for lenses for focusing short-wavelength
radio waves.} Whereas the true dielectric consists of atomic or molecular particles of
microscopic size, the artificial dielectric consists of discrete metal particles of macro-
scopic size. For example, the artificial dielectric may consist of a large number of

+ W. E. Kock, Metallic Delay Lens, Bell Syst. Tech. J., 27: 58-82 (January 1948). See
also discussion.in J. D. Kraus, ‘““Antennas,” p. 390, McGraw-Hill Book Company,
New York, 1950.

!
k
’
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Metal
spheres
<.
Pat
FIGURE 3-3 E ;T‘ A Y%
Slab of artificial dielectric consisting of $-
metal spheres in lattice arrangement.

metal spheres, as in Fig. 3-3, arranged in a three-dimensional, or lattice, structure
which simulates the arrangement of the atoms of a true dielectric but on a much
larger scale.t

The permittivity of an artificial dielectric made of metal spheres will now be
calculated. This calculation is approximate but provides a good illustration of the
significance of polarization and its application in a practical problem. Let a uniform
electric field E be applied, as in Fig. 3-3, to a slab of artificial dielectric consisting of
many metal spheres. The field E induces charges on the individual spheres as sug-
gested in Fig. 3-4a. Thus, the spheres become analogous to the polarized atoms of
a true dielectric, and each sphere may be represented by an equivalent dipole of charge
g and length /[, as in Fig. 3-4b. The polarization P of the artificial dielectric is, by
(3-5-1), equal to the net dipole moment per unit volume, or

P=Ngl 1)

where N = number of spheres per unit volume, m ™3

gl = dipole moment of individual sphere, C m
From (3-5-10) the permittivity is given by

= - 2
€ €o + E ( )
Introducing the value of P from (1) into (2), we have
Ngql
€=¢€ + N 3)

According to (3), the permittivity of the artificial dielectric can be determined if
the number of spheres per unit volume and the dipole moment of one sphere per
unit applied field are known. Proceeding now to find the dipole moment of one sphere

1 If the spheres are hollow (or if metal disks or strips are used), the artificial dielectric
slab may be much lighter in weight than the corresponding slab of true dielectric.
This is a principal advantage of the artificial-dielectric material.
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(b)

FIGURE 34 _
(a) Individual sphere of artificial dielec- — AX_'S of
tric and (b) equivalent dipole. E ¢ L +q dipole

it is assumed that each sphere is in a uniform field. This neglects the interaction of
spheres, but this is negligible provided the sphere radius is small compared with the
spacing between spheres. B

The potential V,, at a point in a uniform field is given by

V0=—f0Ecos0dr=—Ercos0 @

where r = radial distance from origin (taken at center of dipole)

0 = angle between field direction or axis of dipole and radial line (see Fig. 3-4b)
According to (4), V, = 0 at all points in a plane through the origin and normal to E.
Equation (4) gives the potential at a point in a uniform field. Assuming that r > J,
the potential ¥ of a dipole in air is, from (2-15-1),

qlcos 6
= 5
4 Aneyr? ®
The total potential V is, by superposition, the sum of (4) and (5) or
I cos 6 !
V = Vo + Vy= —Ercos 0 + L 6)
4neyr

The metal sphere has only induced charges on its surface (equal amounts of positive
and negative charge), so that its potential is zero. Thus, for r = a, (6) reduces to

glcos @

= —Eacos 0 + ——
+ 4ne, a?

™

Solving for gl/E, we have

I
% = dneod® ®)
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Introducing (8) into (3) we obtain € = ¢, + 4ne, Na®, or
' ¢, =1+ 4nNd® . )

where ¢ = permittivity of artificial dielectric
¢, = relative permittivity of artificial dielectric
N = number of spheres per unit volume
a = radius of sphere
Both the unit volume and the radius are expressed in the same unit of length.
Since the volume v of the sphere is 4na/3, (9) can also be written

e, =1+3uN (10)

where N = number of spheres per unit volume

v = volume of sphere (in same units as unit volume)
Thus, the permittivity of the artificial dielectric depends on both the number of spheres
per unit volume and the size of the spheres.

3-7 BOUNDARY RELATIONS

In a single medium the electric field is continuous. That is, the field, if not constant,
changes only by an infinitesimal amount in an infinitesimal distance. However, at the
boundary between two different media the electric field may change abruptly both in
~ magnitude and direction. It is of great importance in many problems to know the
relations of the fields at such boundaries. These boundary relations are discussed in
this section.

It is convenient to analyze the boundary problem in two parts, considering first
the relation between the fields tangent to the boundary and second the fields normal
to the boundary. .

Taking up first the relation of the fields tangent to the boundary, let two dielectric
media of permittivities ¢, and ¢, be separated by a plane boundary as in Fig. 3-5.
It is assumed that both media are perfect insulators, i.e., the conductivitiest ¢, and o,
of the two media are zero. Consider a rectangular path, half in each medium, of

|<———Az ——»1
Medium 1

AyT - _Ea G A
FIGURE 3-5
The tangential electric field is continuous _l_ E; Medium 2
across a boundary. & o

t For discussion of conductivity see Sec. 4-7.
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Medium 1

FIGURE 3-6

The normal component of the flux den-
sity is continuous across a charge-free
boundary.

Medium 2
3 =]

length Ax parallel to the boundary and of length Ay normal to the boundary. Let the
average electric field intensity tangent to the boundary in medium 1 be E,; and the
average field intensity tangent to the boundary in medium 2 be E,;. The work per
unit charge required to transport a positive test charge around this closed path is the
line integral of E around the path (§E - dl). By making the path length Ay approach
zero the work along the segments of the path normal to the boundary is zero even
though a finite electric field may exist normal to the boundary. The line integral of
E around the rectangle in the direction of the arrows is then

E Ax - E,Ax=0 1)

or E,=E, 2

According to (2) the tangential components of the electric field are the same on_
both sides of a boundary between two dielectrics. In other words, the tangential
electric field is continuous across such a boundary. k

If medium 2 is a conductor (g, # 0), the field E,, in medium 2 must be zero
under static conditions and hence (2) reduces to )

E, =0 €)

According to (3), the tangential electric field at a dielectric-conductor boundary is zero.t

Turning our attention next to the fields normal to the boundary, consider two
dielectric media of permittivities ¢, and ¢, separated by the xy plane as shown in
Fig. 3-6. 1t is assumed that both media are perfect insulators (¢, = 6, = 0). Suppose

+ This assumes that no currents are flowing. If currents are present, E in the conduc-
tor is not zero, unless the conductivity is infinite, and (2) applies rather than (3).
In Chap. 8 the relations of (2) and (3) are extended to include time-changing fields,
and it is shown that the relation E;, == E,, of (2) holds with static or changing fields
for the boundary between any two media of permittivities, permeabilities, and con-
ductivities €;, g4, 0y and €5, p;, 0,. Furthermore, for changing fields the relation
E,; = 0 of (3) is restricted to the case where the conductivity of medium 2 is infinite
(o2 = ). This follows from the fact that a time-changing electric field in a con-
ductor is zero only if the conductivity is infinite.
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that an imaginary box is constructed, half in each medium, of area Ax Ay and height
Az. Let D,; be the average flux density normal to the top of the box in medium 1
and D,, the average flux density normal to the bottom of the box in medium 2.
D,, is an outward normal (positive), while D,, is an inward normal (negative). By
Gauss’ law the electric flux or surface integral of the normal component of D over a
closed surface equals the charge enclosed. By making the height of the box Az
approach zero the contribution of the sides to the surface integral is zero. The total
flux over the box is then due entirely to flux over the top and bottom surfaces. If the
average surface charge density on the boundary is p;, we have on applying Gauss’
law

D,  Ax Ay — D,, Ax Ay = p, Ax Ay

or D, — D, =p, (4)

According to (4) the normal component of the flux density changes at a charged
boundary between two dielectrics by an amount equal to the surface charge density.
This is usually zero at a dielectric-dielectric boundary unless charge has been placed
there by mechanical means, as by rubbing.

If the boundary is free from charge, p, = 0 and (4) reduces to

Dnl = DnZ (5)

According to (5), the normal component of the flux density is continuous across the
charge-free boundary between two dielectrics.
If medium 2 is a conductor, D,, = 0 and (4) reduces to

Dn1 = Ps (6)

According to (6), the normal component of the flux density at a dielectric-conductor
boundary is equal to the surface charge density on the conductor.}

It is important to note that p, in these relations refers to actual electric charge
separated by finite distances from equal quantities of opposite charge and not to
surface charge p,, due to polarization. The polarization surface charge is produced
by atomic dipoles having equal and opposite charges separated by what is assumed
to be an infinitesimal distance. It is not permissible to separate the positive and
negative charges of such a dipole by a surface of integration, and hence the volume
must always contain an integral (whole) number of dipoles and, therefore, zero net
charge. Only when the positive and negative charges are separated by a macro-
scopic distance (as on thle opposite surfaces of a conducting sheet) can we separate

+ In Chap. 8 it is pointed out that the relation D,y — D, — ps of (4) and D,y = D2
of (5) hold with static or time-changing fields for any two media of permittivities,
permeabilities, and conductivities €, 1y, 0; and €z, p,, 0,.
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them by a surface of integratidn. This emphasizes a fundamental difference between
the polarization, or so-called “bound’’ charge, ona dielectric surface and the true charge
on a conductor surface. In a similar way the boundary relation for polarization is

Py — Py = —py )]
If medium 2 is free space,
Py = =Py )
Equations (6) and (8) are written more generally as
D-d=p, and —P-i=p, C)]
The minus sign in the polarization relation results from the fact that with positive

polarization charge at a dielectric surface the polarization is directed inward while
the surface normal is directed outward (see Sec. 2-5).

EXAMPLE | Boundary between two dielectrics. Let two isotropic dielectric media 1
and 2 be separated by a charge-free plane boundary as in Fig. 3-7. Let the permittivities
be €; and €;, and let the conductivities 0, = ¢, = 0. Referring to Fig. 3-7, the problem is
to find the relation between the angles «; and «. of a static field line or flux tube which
traverses the boundary. For example, given a;, to find «,.

SOLUTION Let

D, = magnitude of D in medium 1
D, = magnitude of D in medium 2
E, = magnitude of E in medium 1
E, = magnitude of E in medium 2

Medium 1

a6 G
Boundary
|
| Medium 2
glo(jrllilI:i 3);7tween two dielectric media Fig%rl i{\)e : € %

showing change in direction of field line.
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In an isotropic medium, D and E have the same direction. According to the boundary
relations,

D,y = D,, and E,=E, (10)
—_— n—
Referring to Fig. 3-7,
D,y = D, cos a«, and D,, = D, cos a, an
while E,, = E;sin o, and Ey=E;sin «; 12)

-Substituting (11) and (12) into (10) and dividing the resulting equations yields

Diycosa; D:cos a:

= 1
E, sin o, E, sin «» a3
But D, = ¢,E,, and D, = e, E,, so that (13) becomes
tana,zﬂze,le.,:ﬂ 14)

fana, €2 ¢€:€0 €2

where €,; = relative permittivity of medium 1
€, = relative permittivity of medium 2
€o = permittivity of vacuum
Suppose, for example, that medium 1 is air (¢,; = 1), while medium 2 is a slab of
sulfur (¢, = 4). Then when «; = 30°, the angle «, in medium 2 is 66.6°.

EXAMPLE 2 Boundary between a conductor and a dielectric. Suppose that medium 2
in Fig. 3-7 is a conductor. Find «;.

soLUTION Since medium 2 is a conductor, D, = E; =0 under static conditions.
According to the boundary relations,

Dnl = Ps or Enl :&

and Eu =0
Therefore

E.,

=tan10=0

a, = tan !
ni
It follows that a static electric field line or flux tube at a dielectric-conductor boundary
is always perpendicular to the conductor surface (when no currents are present).
This fact is of fundamental importance in field mapping (see Sec. 3-22).

l
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3-8 TABLE OF BOUNDARY RELATIONS

Table 3-2 summarizes the boundary relations for static fields developed in the pre-
ceding section.

Table 3-2 BOUNDARY RELATIONS FOR STATIC ELECTRIC FIELDSt

Field h

component Boundary relation Condition

Tangential E=E;, 1) Any two media

Tangential E;=0 ) Medium 1 is a dielectric; medium 2 is a
conductor

Normal D,y — Dz = ps 3) Any two media with charge at boundary

Normal D,y = Dy, @) Any two media with no charge at boundary

Normal Dyt = ps (5) Medium 1 is a dielectric; medium 2 is a
conductor with surface charge

+ Relations (1), (3), and (4) apply in the presence of currents and also for time-varying fields
(Chap. 8). The other relations, (2) and (5), also apply for time-changing situations provided
0y = 0.

39 PARALLEL-PLATE CAPACITOR
Consider the parallel-plate capacitor shown in Fig. 3-8. From Sec. 2-21 we have

€A
C= T 8))

1

where ¢ = permittivity of medium between capacitor plates, F m~
A = area of plates, m?
! = separation of plates, m

FIGURE 3-8
Parallel-plate capacitor.
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Introducing the relative permittivity ¢, and the value of ¢,, we obtain for the
capacitance of the parallel-plate capacitor :

C=8.85 [—1;-' (rF) 2)

where ¢, is the relative permittivity of the medium between the plates.

/EXAMPLE A parallel-plate capacitor consists of two square metal plates 500 mm on
a side and separated by 10 mm. A slab of sulfur (¢, = 4) 6 mm thick is placed on the lower
plate, as indicated in Fig. 3-9a. This leaves an air gap 4 mm thick between the sulfur slab
and the upper plate. Find the capacitance of the capacitor. Neglect fringing of the field
at the edges of the capacitor. :

sOLUTION [Imagine that a thin metal foil is placed on the upper surface of the sulfur
slab. The foil is not connected to either plate. Since the foil is normal to E (and assuming
that it is of negligible thickness) the field in the capacitor is undisturbed. The capacitor
may now be regarded as two capacitors in series, an air capacitor of 4 mm plate spacing and
capacitance C.,, and a sulfur-filled capacitor of 6 mm plate spacing and capacitance C;, as
suggested in Fig. 3-95. The capacitance of the air capacitor is, from (4),

_ 8.854e, 8.85x0.52x1

Ce T~ oo >3pF
The capacitance of the sulfur-filled capacitor is
8.85 x0.52x 4
= — = 1,47
C, 0.006 1,475 pF

The total capacitance of two capacitors in parallel is the sum of the individual capacitances.

- However, the total capacitance of two capacitors in series, as here, is the reciprocal of the
sum of the reciprocals of the individual capacitances. Thus, the total capacitance C is
given by

1 1 1
cTate
i l 4—"’Air _LC
vz A~ Suphur T Ca
emm | T
(a) (b)

FIGURE 3-9
(a) Parallel-plate capacitor with sulfur slab and air gap and (b) equivalent series
capacitor.
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_ C.C, 553X 1475
T C.+C. 55341475

ot c 402 pF

3-10 DIELECTRIC STRENGTH

The field intensity E in a dielectric cannot be increased indefinitely. If a certain value
is exceeded, sparking occurs and the dielectric is said to break down.t The maximum
field intensity that a dielectric can sustain without breakdown is called its dielectric
strength.

In the design of capacitors it is important to know the maximum potential
difference that can be applied before breakdown occurs. For a given plate spacing
this breakdown is proportional to the dielectric strength of the medium between the
plates. The radius of curvature of the edge of the capacitor plate is another factor,
since this curvature largely determines the maximum field intensity that occurs for a
given potential difference (see Sec. 3-23).

Many capacitors have air as the dielectric. These types have the advantage
that if breakdown occurs, the capacitor is not permanently damaged. For applica-
tions requiring large capacitance or small physical size or both, other dielectrics are
employed. The dielectric strengths of a number of common dielectric materials are
listed in Table 3-3. The dielectric strengths are for a uniform field, and the materials
are arranged in order to increasing strength.

Table 3-3
Dielectric strength

Material MV m~
Air (atmospheric pressure) 3

Qil (mineral) 15
Paper (impregnated) 15
Polystyrene 20
Rubber (hard) 21
Bakelite 25
Glass (plate) 30
Paraffin 30
Quartz (fused) 30

Mica 200

t As E is gradually increased, sparking occurs in air almost immediately when a
critical value of field is exceeded if the field is uniform (E everywhere parallel), but a
glowing, or corona, discharge may occur first if the field is nonuniform (diverging)
with sparkover following as E is increased further.



74 ELECTROMAGNETICS [cHAP. 3

3-11 ENERGY IN A CAPACITOR

It requires work to charge a capacitor. Hence energy is stored by a charged capacitor.

To determine the magnitude of this energy, consider a capacitor of capacitance
C charged to a potential difference V between the two conductors. Then from
(2-21-1)

g=CV | (0

where ¢ is the charge on each conductor. Potential is work per charge. In terms of
infinitesimals it is the infinitesimal work dW¥ per infinitesimal charge dg. That is,

V=— )
Introducing the value of V from (2) in (1) we have
aw =2 dq 3)
o

If the charging process starts from a zero charge and continues until a final charge QO
is delivered, the total work W is the integral of (3), or

12 1Q°
W=_[qdg=3% @
1]

This is the energy stored in the capacitor. By (2-21-1) this relation can be variously
expressed as

W______=_cV2=1QV %

where W = energy, J
C = capacitance, F
V = potential difference, V
Q = charge on one conductor, C

3-12 ENERGY DENSITY IN A STATIC ELECTRIC FIELD

Consider the parallel-plate capacitor of capacitance C shown in Fig. 3-10. When it is
charged to a potential difference V between the plates, the energy stored is

W =1CV? =10V 4y

The question may now be asked: In what part of the capacitor is the energy
stored? The answer is: The energy is stored in the electric field between the plates.
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Area A
— — 4[— —
I’ te O
+ + + + + +
FIGURE 3-10 FIGURE 3-11
Energy is stored in the electric field between Small cubical volume of capacitance e Al

the capacitor plates.

To demonstrate this, let us proceed as follows. Consider the small cubical volume
Av (=Al®) between the plates as indicated in Fig. 3-10. This volume is shown to a
larger scale in Fig. 3-11. The length of each side is A/, and the top and bottom faces
(of area Al?) are parallel to the capacitor plates (normal to the field E). If thin sheets-
of metal foil are placed coincident with the top and bottom faces of the volume, the
field will be undisturbed provided the sheets are sufficiently thin. The volume Av
now constitutes a small capacitor of capacitance

_ €A

AC
Al

=cAl 2)

The potential difference AV of the thin sheets is given by
AV =EA 3)
Now the energy AW stored in the volume Av is, from (3-11-5),
AW =3JAC AV? “
Substituting (2) for AC and (3) for AV in (4), we have
AW = 3eE? Av (5)

Dividing (5) by Av and taking the limit of the ratio AW/Av as Av approaches zero,
we obtain the energy per volume, or energy density, w at the point around which Av
shrinks to zero. Thust}

AW
w=1lim — =%¢E> (Im3) W)
av-0 Av

+ For the more general case of a nonisotropic medium in which D and E may not be
in the same direction,
w=3}D+E (6
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Now the total energy W stored by the capacitor of Fig. 3-10 will be given by the
integral of the energy density w over the entire region in which the electric field E has
a value;

W=fwdv=%jeE2du (8

where the integration is taken throughout the region between the plates. For sim-
plicity it is assumed that the field is uniform between the plates and that there is no
fringing of the field at the edges of the capacitor. Thus, evaluating (8),

W =1eE?Al =DAEI =310V  (J) ©

where A = area of one capacitor plate, m?

I = spacing between capacitor plates, m
This result, obtained by integrating the energy density throughout the volume between
the plates of the capacitor, is identical with the relation given by (3-11-5).

3-13 FIELDS OF SIMPLE CHARGE CONFIGURATIONS

/In many problems it is desirable to know the distribution of the electric field and the
associated potential. For example, if the field intensity exceeds the breakdown value
for the dielectric medium, sparking, or corona, can occur. From a knowledge of the
field distribution, the charge surface density on conductors bounding the field and the
capacitance between them can also be determined.

In the following sections the field and potential distributions for a number of
simple geometric forms are discussed. The field and potential distributions around
point charges, charged spheres, line charges, and charged cylinders are considered
first. The field and potential distributions of these configurations can be expressed
by relatively simple equations. The extension of these relations by the method of
images to situations involving large conducting sheets or ground planes is then
considered. Finally, the field and potential distributions for some conductor con-
figurations which are not easily treated mathematically are found by a simple graphical
method known as field mapping. Many field problems are conveniently solved by
the use of computers; such methods are discussed in Chap. 7.

3-14 FIELD DISTRIBUTIONS

Field and potential distributions may be presented in various ways. For example,
a graph of the variation of the magnitude of the electric field E and of the electric
potential V along a reference line may give the desired information. This is illustrated
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(d)

FIGURE 3-12
Variation of electric field E and potential ¥ of an isolated charged conducting
sphere of radius r;.

by the curves for E and V in Fig. 3-12a for the field and potential along a radial line
extending from the center of a charged conducting sphere of radius r,. Or the field
and potential distributions may be indicated by a contour map, or graph, as in Fig.
3-12b. In this map the radial lines indicate the direction of the electric field, while
the circular contours are equipotential lines. In this diagram the potential difference
between contours is a constant.
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z axis

dz
\ .
0 ) P dE,

N /N r axis
" dE. :

[~ Line of charge

—-a

FIGURE 3-13
Thin line of charge of length 2a.

3-15 FIELD OF A FINITE LINE OF CHARGE

Consider now the field produced by a thin line of electric charge. Let a positive
charge Q be distributed uniformly as an infinitesimally thin line of length 2a with
center at the origin, as in Fig. 3-13. The linear charge density p, (charge per unit
length) is then

o
== 1
PL 2 0}
where p, is in coulombs per meter when Q is in coulombs and a is in meters.
At the point P on the r axis, the infinjtesimal electric field dE due to an infini-
tesimal length of wire dz is the same as from a point charge of magnitude p, dz.
Thus,

pLdz
dE = 14—;—15 ()

where [ =\/r2 4 z? ‘
1 = unit vector in direction of /
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Since the z axis in Fig. 3-13 is an axis of symmetry, the field has only z and r com-
ponents. These are

dE, =dEcos0=dE§ | 3

and dE, = dE sin 0 = dE; @

The resultant or total r component E, of the field at a point on the r axis is obtained
by integrating (3) over the entire line of charge. That is,

_pLT f*“ dz _p.r fﬂ dz
" 4med o 1P 4nel_, J? + 2%}

pPLa
2ner\/ r’ +q*
By symmetry the resultant z component E, of the field at a point on the r axis is zero.
Hence the total field E at points along the r axis is radial and is given by

pa

IEI =-‘E,. =——————
2mery/r* + a?

(©)

This relation gives the field as a function of r at points on the r axis for a finite line of
charge of length 2a and uniform charge density p, .

3-16 FIELD OF AN INFINITE LINE OF CHARGE

Consider that the line of charge in Fig. 3-13 extends to infinity in both positive and
negative z directions. By dividing the numerator and denominator of (3-15-6) by a
and letting @ become infinite the electric field intensity due to an infinite line of positive
charge is found to be

_E =t
E|~E = L M

The potential difference V,, between two points at radial distances r, and r,
from the infinite line of charge is then the work per unit charge required to transport
a positive test charge from r, to r;. Assume that r, > r,. This potential difference
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is given by the line integral of E, from r, to r,, the potential at r, being higher than at
r, if the line of charge is positive. Thus

_ h Py (dr
V21 = - J.,z Er dr = e J;l —;
PL 2 pL, T
or V,y=—Inr] =—1In—= 2
217 2me ],, 2 ry 1

3-17 INFINITE CYLINDER OF CHARGE

If the charge is distributed uniformly along a cylinder of radius r, instead of concen-
trated along an infinitesimally thin line, the field external to the cylinder is given by
(3-16-1) for r > r,. Inside the cylinder, E = 0.

The potential difference between the cylinder and points outside the cylinder is
given by (3-16-2), where r, > r; and p is the charge per unit length of the cylinder.
Inside the cylinder the potential is the same as the potential at the surface (r = ry).

3-18 INFINITE COAXIAL TRANSMISSION LINE

A coaxial transmission line consists of two conductors arranged coaxially, as shown
by the cross section of Fig. 3-14a. This is a common type of transmission line, and
much can be learned about its properties from a consideration of its behavior under
static conditions. Let a fixed potential difference be applied between the inner and

s Outer
&%, conductor

7 Inner
4/ conductor

(a) (b)

FIGURE 3-14
Coaxial transmission line.

tIfweput r==r;,then ¥=0atr=ra. That is, the surface for which r = rz becomes
a reference surface with respect to which the potential values are measured.
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outer conductors of an infinitely long coaxial line so that the.charge Q per unit length /
of one line is p,. The field is confined to the space between the two conductors.
The field lines are radial, and the equipotential lines are concentric circles, as indicated
in Fig. 3-14b. The magnitude of the field at a radius r is given by (3-16-1), where
a <r < b, and where p, is the charge per unit length on the inner conductor. The
potential difference ¥’ between the conductors is, from (3-16-2),

b

y=Frp? (1)

2ne a .

Since capacitance is given by the ratio of charge to potential, C = Q/V. Dividing

by length /, we have C/l = (Q/)/V. The ratio Q/I equals the linear charge density PL
(Cm™). Hence, the capacitance per unit length C// of the coaxial line is

Cofro 2 (g @

where ¢ is the permittivity of the medium between conductors.
Since € = ¢4 ¢,, where ¢, = 8.85 pF m ™!, (2) can be expressed more conveniently
as

C  55.6¢,  24.2¢,
1 " In(bja)  log(b/a)

(PFm™") 3

where ¢, = relative permittivity of medium between conductors
b = inside radius of outer conductor
a = radius of inner conductor (in same units as b)

3-19 TWO INFINITE LINES OF CHARGE

Let two infinite parallel lines of charge be separated by a distance 2s as in Fig. 3-15.
Assume that the linear charge density of the two lines is equal but of opposite sign.
The resultant electric field E at a point P, distant r, from the negative line and r,
from the positive line, is then the vector sum of the field of each line taken alone.

Let the origin of the coordinates in Fig. 3-15 be the reference for potential.
Imagine that only the positively charged line is present. Then, from (3-16-2) the poten-
tial difference between P and the origin is

PL s

= — In — .
Ve 2ne nrz M
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Qrigin

Equipotential

FIGURE 3-15
Two infinite lines of charge separated by a distance 2s.

Similarly for the negatively charged line

PL §
V.=—tEm= 2
2rne n rn @
With both lines present the total potential difference V between P and the origin is the
algebraic sum of (1) and (2), or

Vv, +v.=Ltnlt 3)
2ne  r,
If V in (3) is a constant, (3) is the equation of an equipotential line. The form
of the equipotential line will be more apparent if (3) is transformed in the following
manner. From (3)

ry 2neV
In—== 4
r; PL @
and I _ gnevion o)
r;

Since 2neV/p, is a constant for any equipotential line, the right side of (5) is a constant
K. Thus

er¥ler =K and r,=Kr, ©6)
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The coordinates of the point P in Fig. 3-15 are (x, y), so that r, =/(s + x)? + »? and
r, =\/ (s — x)* + y*. Substituting these values of r; and r, in (6), squaring, and re-
arranging yields

x2——2xus_i+s2+y2=0 (7)
Adding s*(K? + 1)%/(K? — 1)? to both sides of (7) to complete the square on the left
side, we have
This is the equation of a circle having the form
x—-m*+y'=r )
where x, y = coordinates of point on circle \

h = x coordinate of center of circle

r = radius of circle
Comparing (8) and (9), it follows that the equipotential curve passing through the
point (x, y) is a circle of radius

2Ks
r=xi_1 (10)
with its center on the x axis at a distance from the origin
K*+1
h=5——
ST (11

An equipotential line of radius r with center at (4,0) is shown in Fig. 3-15. ‘
As K increases, corresponding to larger equipotentials, r approaches zero and #
approaches s, so that the equipotentials are smaller circles with their centers more
nearly at the line of charge. This is illustrated by the additional equipotential circles
in Fig. 3-16. The potential is zero along the y axis. Thatis, ¥ =0at x =0. Thus,
the plane x = 0 is the reference plane for potential.

Field lines are also shown in Fig. 3-16. These are everywhere orthogonal to the
potential circles and also are circles with their centers on the y axis.

3-20 INFINITE TWO-WIRE TRANSMISSION LINE

The discussion of two infinite lines of charge in the previous section is easily extended
to the case of an infinite line consisting of two parallel cylindrical conductors or wires.
This is a type of transmission line commonly used in practice, and much can be learned
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V=0

FIGURE 3-16
Field and equipotential lines around two infinite parallel lines of charge or around
an infinite two-conductor transmission line. :

about its properties from a consideration of its behavior under static conditions. Let
a fixed potential difference be applied between the conductors so that the charge per
unit length of each conductor is p; .

The surface of the wire is an equipotential surface, and therefore an equipotential
circle in Fig. 3-16 will coincide with the wire surface. Thus, the heavy circles of
radius r and center-to-center spacing 24 can represent the two wires. The field and
potential distributions external to the wire surfaces are the same as if the field were
produced by two infinitesimally thin lines of charge with a spacing of 2s. The field
inside the wires is, of course, zero, and the potential is the same as on the surface.
The charge is not uniformly distributed on the wire surface but has higher density on
the adjacent sides of the conductors.

The potential difference V, between one of the conductors and a point midway
between them is, from (3-19-3) and (3-19-6),

v.=PLink M
2me

The value of K can be expressed in terms of the radius r and half the center-to-center
spacing A by eliminating s from (3-19-10) and (3-19-11) and solving for K, obtaining
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\/——1 )

The potential difference V,_ between the two conductors is then

2
vy = Pt ,n(ﬁ G 1) ©)
neE r r

To find the capacitance per unit length, C/l, of the two-conductor line we take the
ratio of the charge per unit Jength on one conductor to the difference of potential
between the conductors, i.e.,

E _ PL 12. 16 ( F m_l) (4)
1™ Vo loglhir) + JhinF —11 P
where ¢, = relative permittivity of the medium surrounding the conductors, dimen-
sionless

h = half center-to-center-spacing
r = conductor radius (same units as /)

3-21 INFINITE SINGLE-WIRE TRANSMISSION LINE

A single-wire transmission line with ground return is another form sometimes used.
Let the conductor radius be r and the height of the center of the conductor above
ground be h.  Assume that the conductor has a positive charge p, per unit length and
that the ground is at zero potential.

The field and potential distribution of this type of line is readily found by the
theory of images.t Thus, if the ground is removed and an identical conductor with
charge —p, per unit length placed as far below ground level as the other conductor
is above, the situation is the same as for a two-conductor line (Fig. 3-16). The
conductor which replaces the ground is called the image of the upper conductor.
The field and potential distribution for the single conductor line is then as illustrated
by Fig. 3-17.

The difference in potential between the single conductor and the ground is as
given by (3-20-1) or by one-half of (3-20-3). The capacitance per unit length C/{
is twice the value given by (3-20-4), or

C 24.2¢,
T 7 log(h)r) +/(hfr)* — 1]

t The theory of images is discussed more fully in Sec. 7-15.

(PFm™) Q)

£
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FIGURE 3-17 \ l ,
Conductor over a metallic ground plane. \ '

3-22 GRAPHICAL MAPPING OF STATIC
ELECTRIC FIELDS; FIELD CELLS

Not all conductor configurations can be treated mathematically as readily as those
above. Other methods are discussed in Chap. 7. However, for two-dimensional
-problemst a very effective graphical-field-mapping} method is applicable. Some
experience in graphical field mapping is valuable because it is based on and emphasizes
such important fundamental properties of static electric fields as the following:

1 Field and potential lines intersect at right angles.§

2 The surface of a conductor is an equipotential surface.

3 The field meets a conducting surface normally.

4 1In a uniform field, the potential varies linearly with distance.

+ By a two-dimensional problem is meant one in which the conductor configuration
can be shown by a single cross section, all cross sections parallel to it being the same.

t A. D. Moore, *“ Fundamentals of Electrical Design,” McGraw-Hill Book Company,
New York, 1927.

§ Except at singular points, as at point P in Fig. 2-14.
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’/Conductor 1

40 V
0V

\ /\/ Tentative field and

1 ' equipotential lines
- 20V

Flux tube

10v
ov

(Conductor 2

FIGURE 3-18
Cross section of two sheet conductors with partially completed field map.

5 A flux tube is parallel to the field,t and the electric flux is constant over any
cross section of a flux tube.

6 A tube of flux originates on a positive charge and ends on an equal negative
charge.

Graphical field mapping will be introduced with the aid of an example. Consider
two charged sheet conductors 1 and 2 as shown in cross section in Fig. 3-18. The
sheets extend infinitely far to the left and right and also normal to the page. Thisisa
two-dimensional problem, all cross sections parallel to the page being the same.
Therefore, the field and potential distribution everywhere between the sheets will be
known if it can be found for a two-dimensional cross section such as shown in Fig. 3-18.
Let the potential difference between the conductors be 40 V, with the upper conductor
positive and the lower conductor at zero potential. To the left of @ and to the right
of b the field is uniform, so that equipotential surfaces 10 V apart are equally spaced
as indicated, the conductor surfaces being equipotentials at 0 and 40 V. Between a
and b the conductor spacing changes, and the equipotentials may be drawn tentatively
as shown by the dashed lines.

’ The next step in the mapping procedure is to draw field lines from conductot 1
to conductor 2 in the uniform field region to the left of @ with the spacing equal to that
between the equipotentials. In this way the region is divided into squares. Each
square is the end surface of a rectangular volume, or cell, of depth d into the page.
A stack, or series, of squares bounded by the same field lines represents the sidewall

t The sidewalls of a flux tube are field lines.
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b P Conductor 1

Field cell ]
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/ “ Equipotential |
surfaces
Field
)i lines —
Flux tube with o —
4 cells in series

\Conductor 2 9
Flux tube Remainder
with 4 cells Flux tube
in series with 914

cells in series

FIGURE 3-19
Cross section of two sheet conductors with completed field map. Inset shows
three-dimensional view of a field cell.

of a rectangular flux tube extending between the positive charge on one conductor to
the negative charge on the other. The field map is next extended to the right by
drawing field lines as nearly normal to the equipotentials as possible, with the field lines
spaced so that the areas formed are as nearly square as possible. After one or two
revisions of the tentative equipotentials between a and b and also of the field lines, it
should be possible to remap the region to the right of a so that field and equipotential
lines are everywhere orthogonal and the areas between the lines are all squares or
curvilinear squares. The completed field map is shown in Fig. 3-19.

By a curvilinear square is meant an area that tends to yield true squares as it is
subdivided into smaller and smaller areas by successive halving of the equipotential
interval and the flux per tube. A partially subdivided curvilinear square is illustrated
in Fig. 3-20.

A field map, such as shown in Fig. 3-19, divides the field into many squares each

- of which represents a side of a field cell. These field cells have a depth d (into the
page) as suggested by the three-dimensional view of the typical field cell in Fig. 3-19.
The cell has a length / (parallel to the field) and a width . The sidewalls of a field
cell are the walls of a flux tube (parallel to the field), while the top and bottom coincide
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Field lines

Equipotential
lines

FIGURE 3-20
Partially subdivided curvilinear square.

with equipotential surfaces. As curvilinear cells are subdivided into smaller cells,
their end areas tend to become true squares. The subdivided cells are always of
depth d (into the page), the same as the larger cells. Thus, a field cell, or simply a cell,
may be defined as a curvilinear square volume.

If thin sheets of metal foil are applied to the equipotential surfaces of a field cell,
we have a field-cell capacitor. The capacitance C of a parallel-plate capacitor is

c-4 )
! ,

where ¢ = permittivity of medium

A = area of plates

I = spacing of plates
Applying this relation to a field-cell capacitor with a square end (& = /), we have for
the capacitance C, of the field cell

Co=— =cd Q)

— =¢ 3

where ¢ is the permittivity of the medium in farads per meter.
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Conducting
sheets

FIGURE 3-21

A field-cell capacitor has a capacitance -
per unit depth equal to the permittivity

€ of the medium. For air (e = ¢o) the
capacitance of the capacitor shown is
8.85 pF.

Thus, the significance of the value of ¢ is that it is the capacitance per unit
depth of a field-cell capacitor. For example, a field-cell capacitor of unit depth in a
medium of air (or vacuum) has a capacitance of 8.85 pF. Such a capacitor is illustrat-
~ edin Fig. 3-21.1

Any field cell can be subdivided into smaller square-ended cells with as many
cells in parallel as in series. Hence the capacitance] per unit depth of any field cell,
large or small, exactly square or curvilinear is equal to .

In a field map, such as in Fig. 3-19, most of the area is divided into “ regular”
cells with four in series for each flux tube. These cells all have the same potential
difference across them (10 V). Hence these cells may be defined as cells of the same
kind. The remaining area of the map consists of a fractional, or remainder, flux tube.
This tube is also divided into cells. These cells are of two kinds, both different from
those in the rest of the map. One kind of cell in the remainder flux tube has about
4.3 V across it and the other kind about 1 V across it. There are nine 4.3-V cells and
four 1-V cells.

Any field cell has the same capacitance per unit depth. Many additional
properties are common to field cells of the same kind. These cells of the same kind
have the same potential differences across them. In uniform fields the areas of the
ends of those cells are the same, but in nonuniform fields the areas will not be the
same.

t The capacitance of an isolated capacitor such as shown in Fig. 3-21 is somewhat
greater than 8.85 pF because of fringing of the field. However, a field cell represents
only a portion of a more extensive field, and its sides are parallel to the field (no
fringing).

1 It is understood that this capacitance is that which would be obtained if the field

cell were made into a field-cell capacitor by placing thin sheets of metal foil coincident
with its equipotential surfaces (if no conductor is already present).
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Since the capacitance per unit depth of any cell of the same kind is the same,
it follows that the electric flux through any cell of the same kind is the same (Q/d =
VC/d). Thus, the 10-V cells in Fig. 3-19 have a flux of 10e C/unit depth, while the
4.3- and 1-V cells have 4.3¢ and € C/unit depth, respectively.

Now the average flux density D at the equipotential surface of a field cell is given
by

p=Z=p, (CmI @

Q
bd
where Q = total charge on foil at equipotential surface of field cell = total flux ¢
through cell, C

b = width of cell, m

d = depth of cell, m

p, = average surface charge density on foil at equipotentiat surface, C m~
Hence, the average flux density is inversely proportional to the field-cell or flux-tube
width. Also the average surface charge density p, at a conducting surface is inversely
proportional to the width of the field cell or flux tube at the surface. For example,
the spacing of conductors 1 and 2 to the right of b in Fig. 3-19 is 4 times that to the left
of a; so in the uniform field region to the left of a the surface charge density p, is 4
times the value of p, in the uniform field region to the right of 5. The surface charge
density is even smaller than to the right of 4 in the region of concave conductor
curvature near b and somewhat larger than to the left of a in the region of convex
conductor curvature near a. .

Since E = DJe, the field intensity is also inversely proportional to the cell width,
or length (E = V/I). Furthermore, the energy W (=4QV) stored in any cell of the
same kind is the same. It follows that the average energy density w is inversely
proportional to the area of the end of the cell (=bl for a square-ended cell). For
example, the energy density in the uniform field region to the left of @ in Fig. 3-19 is
16 times the energy density in the uniform field region to the right of b.

To summarize, the properties of an accurate electric field mapt are as follows:

2

1 The capacitance of any field cell is the same.

The capacitance C, per unit depth of any field cell is equal to the permittivity
¢ of the medium.

The potential difference across any field cell of the same kind is the same.

The flux ¢ through any field cell of the same kind is the same.

The flux ¥ over any cross section of a flux tube is the same. ‘
The average flux density D in any cell of the same kind is inversely proportional
to the width of the cell or flux tube. ’

N

AN AW

t In a single medium of uniform permittivity.
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7 The average charge density p, at the conducting boundary of any cell of the same
kind is inversely proportional to the width of the cell at the boundary.
8 The average field intensity E in any cell of the same kind is inversely proportional
to the cell width.
9 The energy stored in any cell of the same kind is the same.
I0 The average energy density w in any cell of the same kind is inversely proportional
to the area of the end of the cell. (This is the area that appears in the field map.)

In order to test the accuracy of a field map, and hence the accuracy with which
the above properties hold for a particular map, the curvilinear squares of the map can
be further subdivided by halving the equipotential interval and halving the flux per
tube, as in Fig. 3-20. If the smaller regions so produced tend to become more nearly
true squares, the field is accurately mapped. However, if the regions tend to become-
rectangles, the map is inaccurate and another attempt should be made. Also field and
equipotential lines should intersect orthogonally. Tt is especially important that this
rule be observed at all stages of making a field map. Often it is better to erase and
begin again than to try to revise an inaccurate map. In graphical field mapping an
eraser is as important as a pencil.

With analog and digital computers and methods discussed in Chap. 7, a process
equivalent to graphical field mapping is carried out. With the digital computer,
iteration is continued until no further change occurs in the map. Experience in

‘graphical field mapping is a valuable prelude to computer mapping.

EXAMPLE Referring to Fig. 3-19, let the conductor separation at f be 10 mm and at gg
be 40 mm, and let the conductors have a depth (into the page) of 200 mm. If the conductors
end at fand gg, and if fringing of the field is neglected, find the capacitance C of the result-
ing capacitor. The medium in the capacitor is air.

soLUTION The method of solution will be to evaluate the series-parallel cdmbination
of capacitors formed by the individual cells.
Each cell has a capacitance

Co=¢€od=8.85x0.2=1.77 pF

The capacitance between the ends of each flux tube with 4 cells in series is then

1.
—1—7 == 0.443 pF

The capacitance between the ends of the remainder flux tube with 9.25 cells in series is

1.77
rzs =0.191 DF
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There are fifteen 4-cell tubes and one remainder (9.25-cell) tube. Hence the total capacitance
C between ff and gg is the sum of the capacitances of all the flux tubes, or

C = (15 % 0.443) 4 0.191 = 6.83 pF

The above calculation is somewhat simplified if each cell is arbitrarily assigned a
capacitance of unity. On this basis the total capacitance in arbitrary units is given by
15 1 .
Z— + 9.‘—25' = 3.86 units
and the total actual capacitance C is the product of this result and the actual capacitance
of a cell, or

C =3.86 x (8.85 x 0.2) = 6.83 pF

Yet another method of calculation is to use the relation that the total capacitance C
is given by

c-X
n

Co (5)
where N = number of cells (or flux tubes) in parallel
n = number of cells in series
Co = capacitance of one cell

and where all cells are of the same kind. Thus in the above example, counting in terms
of the 10-V cells, we have

C= I—SZ‘E X (8.85 x 0.2) = 6.83 pF
Note that if we had wanted the capacitance of a capacitor with conductors
coinciding with the equipotentials m and n (Fig. 3-19) and of 200 mm depth, the cells
in series would be reduced to two and the capacitance doubled. In this way the
capacitance of any conductor configuration conforming to the equipotential surfaces
of a field map can be easily calculated.

3-23 DIVERGENCE OF THE FLUX DENSITY D

In Sec. 2-17 Gauss’ law is applied to surfaces enclosing finite volumes, and it is shown
that the normal component of the flux density D integrated over a closed surface
equals the electric charge enclosed. By an extension of this relation to surfaces
enclosing infinitesimal volumes we are led to a useful relation called divergence.

Let Av be a small but finite volume. If we assume a uniform charge density
throughout the volume, the charge AQ enclosed is the product of the volume charge

Y

et & e
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density p and the volume Av. By Gauss’ law the charge enclosed is also equal to the
integral of the normal component D, of the flux density over the surface of the volume
Av. Thus,

fD,,ds=AQ=pAv 8]
and §: D ds _ @
Av

If the charge density is not uniform throughout Av, we may take the limit of (2) as
Av shrinks to zero, obtaining the charge density p at the point around which Av
collapses. The limit of (2) as Av approaches zero is called the divergence of D,
written divD or V+-D. Hence

$, D, ds

lim =divD=p (Cm™?) 3)

Av=~0

Whereas the integral of the normal component of D over a finite volume yields
the free charge enclosed, the divergence of D gives the free charge density at a point.
If the charge is zero at a point, it follows that the charge density is zero and also that
the divergence of D is zero at that point. It is important to note that the divergence
of D is a scalar point function.

Let us now discuss divergence in a more formal way, developing it as a differen-
tial expression. A small volume Ax Ay Az = Av is placed in an electric field with flux
density D, having components D,, D,, and D, in the three coordinate directions as
shown in Fig. 3-22. The total flux density D is related to its components by

D=2%D, + §D, + 2D, 4)

—-D, (4%
-D, D Vg 3D,
s D, o~ | Dy+ 5L oy
D+ a—a%Aac / D, ¥
-D Ax
FIGURE 3-22 ?
Construction used to develop differential Ay

expression for divergence of D. x
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The normal outward component of D at the back face is — D, since the field is directed
inward. If the field changes between the back and front faces, the normal component
of D at the front face can, by Taylor’s theorem, be represented by an infinite series,

oD, Ax N oD, Ax* 9D, Ax?

D —_—
Yo T T 2t T 3 T

)
When Ax is very small, the square and higher-order terms may be neglected, so that.

at the front face we have for the normal component of D

aD,
ox

D, + —= Ax (6)

In like manner the normal component of D at the left side face is — D, and at the right
side face is

oD
— Ay Q)

D
)'+ay

Similarly at the bottom face it is — D, and at the top face is

oD
D, +—Az 8)
0z

The outward flux of D over the back face is

—D, Ay Az ‘ ©9)
and over the front face is
oD
(D,‘ +—-— Ax) Ay Az (10)
Ox

Adding up the outward flux of D over the entire volume, we obtain for the total flux

9D, Ax) Ay Az
0x

A¢=(—D,+Dx+

oD oD
+ (—D, +D, +—a—;’ Ay)Ax Az + (—D, +D, + aZ’ Az)Ax Ay (11)

which simplifies to
oD, ob, D,

Ay = et
v (6x+6y+6z

)Ax Ay Az (12)

From Gauss’ law we know that the total electric flux over the surface of the volume
(or integral of the normal component of D over the surface of the volume) is equal to
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the charge enclosed. The charge enclosed is also equal to the integral of the charge
density p over the volume. Therefore

oD éD, aD
= = x = 1
Ay iD,, ds (ax + = 6y = )Av ﬁp dv (13)

Dividing by Av and taking the limit as Av approaches zero, we obtain the divergence
of D. Thus,

D,ds <9D oD, oD
Ii §. D, z= 14
A.],l_r,lo Av  ox ay S+ 0z P (14

D
and leD_a_?_.l_zD_ é._z

Ox ay 0z P (15)

The center member of (15) is a differential relation for the divergence of D expressed
in rectangular coordinates. The divergence of D can also be written as the scalar,
or dot product of the operator V and D. That is,

divD=V-D (16)
This is readily seen by expanding (16) into the expressions for V and D. Then
V-D—(ﬁa+9—a—+2i) (&D, + ¥D, + 2D,) (17
“\ax Yoyt Ta) ST

v D

Performing the multiplication indicated in (17) gives nine dot-product terms as follows:

oD, oD, oD,
ox oy 0z
oD, oD, oD
N Rt 18
P % +22— (18)

The dot product of a unit vector on itself is unity, but the dot product of a vector with

another vector at right angles is zero. Accordingly, six of the nine dot products in

(18) vanish, but the three involving £ - %, §+ §, and 2 - 2 do not, and the product in-

dicated by (17) becomes

oD, éD, oD

VD=4 2 9

x Ty T a9

The dot product of the operator V with a vector function is the divergence of the

vector. The quantity V-may be considered as a divergence operator. Thus the
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~ divergence operator applied to a vector function yields a scalar function. For example,
'V-D (divergence of D) is given in rectangular coordinates by the right side of (19) and
is a scalar, being equal to the charge density p. B

If D is known everywhere, taking the divergence of D enables us to find the
sources (positive charge regions) and sinks (negative charge regions) responsible for the
electric flux, and, hence, for D.

3-24 MAXWELL’S DIVERGENCE EQUATION
The.relation (3-23-15) that

V:D=p O

was developed by an application of Gauss’ law to an infinitesimal volume. It is the
fundamental differential relation for static electric fields. This relation is one of a
set of four differential relations known as Maxwell’s equations. The other three

are developed in later chapters.
In a region free from charge, p =0, and

V-D=0 @)

EXAMPLE As a simple nonelectrical example of divergence consider that a long hollow
cylinder is filled with air under pressure. If the cover over one end of the cylinder is removed
quickly, the air rushes out. It is apparent that the velocity of the air will be greatest near
the open end of the cylinder, as suggested by the arrows representing the velocity vector v
in Fig. 3-23a. Suppose that the flow of air is free from turbulence, so that v has only an x
component. Let us assume that the velocity v in the cylinder is independent of y but is
directly proportional to x, as indicated by '

[v|=0.=Kx 3)

where K is a constant of proportionality. The question is: What is the divergence of v
in the cylinder?

soLuTioN Apply the divergence operator to (3), giving

0,
Vey= —F =
v=22=K @

Hence, the divergence of v is equal to the constant K.
A velocity field can be represented graphically by lines showing the direction of v
with the density of the lines indicating the magnitude of v. The velocity field in the cylinder
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FIGURE 3-23
The velocity v of air rushing from a tube
has divergence (a) and (b). When air
flows with uniform velocity through a
tube open at both ends, as at (c), the
divergence of v is zero. (c)

represented in this way is illustrated in Fig. 3-23b. We note that v lines originate, i.e., have
their source, throughout the cylinder, the number increasing with x. This indicates that
v increases as a function of x. This situation is concisely expressed by divv= K. That is,
the divergence of v has a constant value K throughout the cylinder, and this tells us that,
assuming (3) to be correct, the source of the velocity field provided by the expanding air is
uniformly distributed throughout the cylinder.

If, on the other hand, both ends of the cylinder are open and air passes through with
the same velocity everywhere, v, equals a constant and the divergence of v is zero in the
cylinder. In this case, the source of the velocity field must be somewhere external to the
cylinder, and the velocity field diagram would be as shown in Fig. 3-23c.

If more lines enter a small volumet than leave it or more leave it than enter, the field
has divergence. If the same number enter as leave the volume, the field has a zero divergence.

3-25 DIVERGENCE THEOREM

From Gauss’ law (2-17-6) we have
§D'ds=§pdv 1)
S v

where D is integrated over the surface s and p is integrated throughout the volume v
enclosed by s.

t In the limit an infinitesimal volume.
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From (3-24-1) let us introduce V - D for p in (1), obtaining

§sn-ds=§vv-ndb Q@

The relation stated in (2) is the divergence theorem as applied to the flux density D,
or Gauss’ theorem (as distinguished from Gauss® law). This relation holds not
only for D, as in (2), but also for any vector function. In words, the divergence
theorem states that the integral of the normal component of a vector function over a
closed surface s equals the integral of the divergence of that vector throughout the volume
v enclosed by the surface s.

3-26 DIVERGENCE OF D AND P IN A CAPACITOR

As further illustrations of the significance of divergence let us consider the charged
parallel-plate capacitor of Fig. 3-24. A slab of paraffin fills the space between the
plates except for the small air gaps. True charge of surface density p; is present on
the surface of the plates. Polarization charge of surface density p,, is present on
the surface of the paraffin.

According to (3) of Table 3-2, the relation of D at a boundary is given by

Dnl _Dn2=ps (1)

where D,, = flux density in air gap
D,, = flux density in conducting plate =0
p, = true surface charge density
Suppose that the true charge p, is distributed uniformly throughout a thin layer
of thickness Ax, as suggested in Fig. 3-24. Then the total change AD, in flux density
from one side of the layer to the other is given by

Dnl = gy = ADn = ADx (2)
But when Ax is small,
AD, = ‘—12’—‘ Ax A3)
dx
Therefore, (1) becomes
dD, _ ps
=2 @)

dx Ax
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axis between the plates. The thickness ~V P~ h
Ax of the charge layers is greatly
exaggerated. l]

where p is the volume charge density in the charge layer. Since D has only an x
component, dD,/dx = divD. Thus,

db,

oV P=r ®)

Hence the change of D with distance (in the charge layer) equals the divergence of D
and also the volume charge density. It follows that if the charge layer is infinitesimally
thin (Ax —0), then V- D and p approach infinity. However, it is more reasonable
to consider that the charge layer is of small but finite thickness, so that although
V : D and p may be large, they are not infinite. The variation of D and V - D along
the x axis of the capacitor is shown graphically in Fig. 3-24.
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At the paraffin surface D is constant, but both E and P change. From (3-5-7)
P=D —¢E 6)

Now the change in polarization P is equal to the surface charge density p,, due to
polarization. Thus, from (3-7-7),

Pnl_Pn2= ~Psp (7)

where P,, = polarization in paraffin
P,, = polarization in air gap ~ 0
psp = polarization surface-charge density
Assume that the polarization surface charge is uniformly distributed throughout

a thin layer of thickness Ax at the paraffin surface, as suggested in Fig. 3-24. Then
the total change AP, in polarization from one side of the layer to the other is given by

Pnl— n2=APn=APx (8)
But when Ax is small, '
" dP
AP, = —ZAx
= ©
Therefore, (7) becomes

dp, Psp :
uiall S ./ - (10
dx Ax Pr 10

where p, is the volume density of polarization charge in the layer at the paraffin
surface in coulombs per cubic meter. Polarization charge differs from true charge p
in that it cannot be isolated, whereas true charge can. In this sense it is a fictitious
charge. Since P has only an x component, which is a function only of x, dP,/dx =
div P. Thus,

dP,

=|VP=-p 1)

If the polarization distribution is uniform, V-P =0. Hence the change of P with
distance (in the charge layer) equals the divergence of P and also the volume density
p, of polarization charge. The assumption of a polarization charge layer that is of
small but finite thickness results in a value of V - P that may be large but not infinite.

The divergence of D yields the sources of the D field (true charge), while the
divergence of P yields the sources of the polarization field.

The variation of E, P, and —V - P along the x axis of the capacitor is illustrated
graphically in Fig. 3-24. ‘

o i



102 ELECTROMAGNETICS [cHAP. 3

It may be shown that the potential V, in an unbounded volume due to a polariza-
tion distribution is given by

V,= ——

P

! fv'Pdv (12)

4ne, ) r

' Thus, when both true charge and polarization are present and the distribution of both
are fixed, the total potential V; in the unbounded volume is

vV-P
47t€0f p 4neo-{ r dv

or V= f’i—v—lfd (13)

47[60

where p = true volume charge density, C m~3

P = polarization, C m~2
€ = permittivity of vacuum = 8.85 pF m
r = distance from volume element containing charge or polarization to point
at which ¥ is to be calculated, m
The volume integration is taken over all regions containing charge or polarization.
* The field intensity E is then

-1

E=-VV, L (19

Whereas (2-12-5) applies to a single homogeneous dielectric medium of permit-
tivity €, (13) is more general since it can be applied also to space with several different
dielectric media, i.e., a nonhomogeneous medium. For the case of a single homogene-
ous medium, (2-12-5) and (13) are equivalent.

3-27 THE LAPLACIAN OPERATOR;
POISSON’S AND LAPLACE’S EQUATIONS

As an extension of the divergence operator we are led to the laplacian (la-plah’-
si-an) operator. From (3-24-1)

, V:D=p O
Since D = ¢E and E = —VV, we have
D=—cVV )
Introducing (2) in (1) gives
VvV = —’;’ 3
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This is Poisson’s (pwas’-awns) equation. The double operator (divergence of
" the gradient) is also written as V? (del squared) and is called the laplacian operator.
Thus Poisson’s equation can be written

Vi = — i-’ @)

If p =0, (4) reduces to

ViV =0 &)

which is known as Laplace’s equation.
In rectangular coordinates
e S A 4
vir="_+ 5+ 6

ox? + dy*  08z* ©
The static potential distribution for any conductor configuration can be determined
if a solution to Laplace’s equation can be found which also satisfies the boundary
conditions. This is discussed in Chap. 7.

PROBLEMS

* 3-1 A plane slab of dielectric (¢, = 5) is placed normal to a uniform field with a
fiux density D of | Cm 2. [f theslab occupies a volume of 0.1 m? and is uniformly polar-
ized, what are (@) the polarization in the slab and (b) the total dipole moment of the slab?

* 3-2 A flat slab of sulfur (¢, = 4) is placed normal to a uniform field. If the polari-
zation-surface-charge density p,, on the slab surfaces is 0.5 C m ~2, what are (a) polarization
in the slab, (b) flux density in the slab, (c) flux density outside the slab (in air), (d) field intensity
in slab, and (e) field intensity outside the slab (in air)?

* 3-3 The left half of a horizontal parallel-plate capacitor is filled with a dielectric of
permittivity e while the right half is air-filled. The plate separation is 10 mm, and there is
100 V potential difference between the plates. Find E, D, and P in both halves. € = 3¢,.

* 3-4 A horizontal parallel-plate capacitor has a 10-mm plate separation and a 100-V
potential difference. There is a dielectric of permittivity e and thickness 5 mm on the lower
plate. The space above is air-filled. (@) Find E, D, and P intheairspace and in the dielectric.
(b) Find ¥ as a function of the distance between the plates. € = 3eo. .

* 3-5 Two cavities are cut in a dielectric medium (e, = 5) of large extent. Cavity 1
is a thin disk-shaped cavity with fat faces perpendicular to the direction of D in the dielectric.
Cavity 2 is a long needle-shaped cavity with its axis parallel to D. The cavities are filled with
air. If D =10 nC m ~2, what is the magnitude of E at (@) the center of cavity 1 and (b) the
center of cavity 2? ’

* Answers to starred problems are given in Appendix C.
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* 3-6 A parallel-plate capacitor is 1 m square and has a plate separation of 1 mm.
The space between the plates is filled with a dielectric (¢, = 25). If 1 kV potential difference
is applied to the plates, find the force in newtons squeezing the plates together.

3-7 The electric field E in air above a slab of dielectric (¢, = 5) is at an angle of 30°
with respect to a normal to the plane surface of the slab. What is the angle between E and
the normal inside the slab?

3-8 Three plane dielectric slabs of equal thickness with ¢, = 2, 3, and 4 are sandwiched
together. If Ein air is at an angle of 30° with respect to a normal to the plane surface of the
€. = 2 slab, find the angle of E with respect to the normal inside the slabs. Draw a figure
showing the path of the E line through the sandwich.

3-9 What is the magnitude of E, D, and P 400 mm from a point charge of 1 nC in an
infinite medium (a) of air and () of a dielectric with e, = 9?

* 3-10 What is e, for an artificial dielectric made of a uniform cubical lattice of metal
spheres in air if the spheres are 30 mm in diameter and spaced uniformly 60 mm between
centers in the x, y, and z directions ?

3-11  Show that the maximum possible e, for an artificial dielectric of metal spheres
arranged in a uniform cubical lattice in air is 2.57. It is assumed that there is no interaction
between spheres and that they are almost touching.

* 3-12 A horizontal parallel-plate capacitor of area 4 has a plate separation d and a
potential difference V. A dielectric slab of relative permittivity €, and thickness ¢ is placed
midway between the plates [air space above and below the slab of thickness (4 — £)/2].
Find E, D, and P in the slab and air spaces. Neglect fringing.

3-13 A parallel-plate capacitor of area A is filled with a dielectric of permittivity
€= ¢o[l + (& y/d)], where y = 0 at one plate and y = d at the other plate. Neglect fringing.
(@) Find E, D, P, and V as a function of distance y between the plates. (5) Make a graph
showing the variation of ¢, E, D, P, and V as a function of y. (c) Find the capacitance.
(d) Find the polarization-volume-charge density p, as a function of y and the polarization-
surface-charge density p,, at y=0and y=d. (e} Make a graph of p, vs. y.

3-14 Repeat Prob. 3-13 for the case where the plate at y = 0 remains in contact with
the slab but the other plate is moved to a distance y = 24 with the space between y = d and
y = 2d air-filled.

3-15 Design an electrostatic press for applying pressures of 1 N mm -2 to 1-m-square
“plywood sheets 10 mm thick (see Prob. 3-6).

* 3-16 A parallel-plate capacitor is 200 by 200 mm with 10 mm plate separation. The
medium is air. Neglect fringing. Find the capacitance if a sheet of powdered rutile (take
¢, = 114) is placed between the plates under the following conditions: (a) sheet 1 mm thick
(remaining 9 mm is air), (b) sheet 2 mm thick, (c) sheet 4 mm thick, (d) sheet 6 mm thick,
(e) sheet 8 mm thick, (f) sheet 10 mm thick (g) Draw a graph of the capacitance vs. sheet
thickness.

3-17 (a) If 100 V is applied to the capacitor of Prob. 3-16, calculate the energy stored
for the six conditions listed. () Find the energy density in the dielectiic and in the air space
for the six conditions.
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3-18 What volume of capacitor would be required to store 1 kW hr of energy?
This is the amount of energy which can be stored in a typical automobile storage battery.

3-19 What is the maximum voltage to which an isolated metal sphere can be charged
if the sphere is 300 mm in diameter and situated in air? Take the dielectric strength of air
as3 MV m-L.

* 3-20 A parallel-plate air capacitor is charged to 1,000 V, the potential source dis-
connected, and the plates separated to twice their original spacing. (@) What is the energy
stored in the two cases? (b) Account for the difference in energies.

3-21 Relate Prob. 3-20 to the voltage buildup in a storm cloud in a rising air current,

3-22 The permittivity of the dielectric in a parallel-plate capacitor is a function of the
distance y between the plates (y = O at one plate and y = y, at the other plate) as given by
€= ege’. Find the capacitance.

3-23 A charge Q is uniformly distributed in a circular ring of radius r,. Find
E and V at the center of the ring.

* 3-24 A charge Q is uniformly distributed in a square ring of side length /. Find
E and V at the center of the ring.

3-25 A charge Q is uniformly distributed in a half-circular ring of radius ;. Find
E and V at the origin. '

* 3-26 A charge Q is uniformly distributed along a line of length / situated coincident
with the x axis with one end at the origin and the other end at x=/. Find V at a point x
on the x axis where x, > /.

3-27 Repeat Prob. 3-26 for the case where the linear charge density varies as x2.

3-28 Map the field lines and equipotential contours of a coaxial transmission line
consisting of a circular inner conductor of diameter d symmetrically located inside an outer
conductor of square cross section with an inner side dimension of 3d. Note that thanks to
symmetry only one octant (45° sector) need be mapped.

3-29 Referring to Prob. 3-28, (@) what is the capacitance per meter length of the line?
(b) If 100 V is applied to the line, what is the potential of a point midway between the inner
conductor and a corner?

3-30 If 100 V is applied to the plates of the capacitor of Fig. P3-30, find E at the points
A and B(r = 10 mm).

3-31 If 100 V is applied to the asymmetrical coaxial transmission line of Fig. P3-31,

fe—r—ste—7r—>{
T, B »
. Y
2.57

FIGURE P3-30
Parallel-plate capacitor with metal half-cylinders attached.
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FIGURE P3-31
Cross section of asymmetrical coaxial
transmission line.

find V at the point P. The potential of the outer conductor is zero.
3-32 What is the ratio of the capacitance per unit depth of capacitor 4 to capacitor B
shown in Fig. P3-327 Neglect fringing.

* 3-33 A coaxial transmission line consists of an inner conductor of diameter 4 situated
symmetrically inside a triangular outer conductor of equilateral cross section with inner
side lengths all equal to 3d. (@) Map the field lines and equipotential contours. (b) What is
the ratio of surface charge density at the center point of a side of the outer conductor to
that at a point on the side midway from the center to acorner? (c) If 100 V is applied to the
line, what is the potential at a point midway from the inner conductor to a corner? The
outer conductor is at zero potential. (d) What is the capacitance per unit length?

* 3-34 A high-voltage conductor is brought through a grounded metal panel by means
of the double concentric capacitor bushing shown in Fig. P3-34. The medium is air (dielectric
strength 3 MV m ~!). Neglect fringing and thickness of sleeves. (a) Find the outer sleeve
length L which equalizes the voltage across each space. (b) Find L which results in the same
value of maximum field in each space. (¢) What is the maximum working voltage for each
condition? (d) If the inner sleeve (200 mm long) were removed, what would be the maximum
working voltage? (¢) If the number of concentric sleeves is increased in number so that

f———9————5—f—6—>|
¥
4
§ 20— |
A B
FIGURE P3-32

Cross section of two capacitors.
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4
3

Metal panel
High-voltage

conductor 50mm
/ _/_- ,40mm 30mm

2o
E 200 mm—>|

FIGURE P3-34 ,
Concentric capacitor bushing.

the spacing between sleeves becomes smaller, what is the ultimate working voltage? (f) Draw
graphs of E vs. radius for the conditions in parts (@), (b), (d), and (e).

3-35 A charge Q is uniformly distributed in a thin circular ring of radius r,. Derive
expressions for E and ¥ as a function of radius r (@) in the plane of the ring and (4) perpendic-
ular to the plane of the ring along its axis. (c) Draw graphs of E and ¥V for both cases to
a distance of 4r,.

3-36 A charge Q is uniformly distributed over a plane square area of side length /.
(@) Derive expressions for E and V as a function of distance normal to the center of the area.
(b) Draw graphs of E and ¥V to a distance of 5/.

3-37 Repeat Prob. 3-36 for the case where the charge has a cosine distribution,
i.e., the charge density is a maximum at the center of the area and tapers as a cosine function
to zero at the edges.

3-38 Map the field lines and equipotential contours for the following situations:
(@) Two point charges + Q and +2Q separated by a distance d. () Two point charges
+ Q and — 20 separated by a distance d. (¢) Four point charges of equal magnitude form-
ing a quadrupole as in Fig. 2-21a. (d) Four equal point charges arranged as in Fig. 2-21a
but all of the same sign. (¢) An infinite array of equal positive and negative point charges
arranged in a uniform rectangular grid. Adjacent charges are of opposite sign. Use a
computer with machine or cathode-ray-tube plotter. (f) Repeat (e) for a uniform hexagonal
grid. Note that (e) and (f) are but two of many configuration which can give interesting
displays with a computer.

* 3-39 Find the divergence of the following vector functions:
(@) F=R%sinaz+ §cosax + 2y b) G=%cosay+ §x —%sinaz

3-40 Showthat V-P=(¢, — Do V- E.
3-41 A sphere of radius r, has a uniform charge density p. (a) Find D and V.D
as a function of radius. (») Make a graph of D and V - D to a radius of 3r,.
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3-42 Repeat Prob. 3-41 for the case where the charge density p = kr, where k& = con-
stant.

3-43 Show that the total capacitance of n unequal capacitors is (a) more than the cap-
acitance of the largest when they are connected in parallel and (b) less than the capacitance
of the smallest when they are connected in series.

* 3-44 Find the divergence of the following vector functions:
(@) A=ZK3x+ §4y° + 252* b) B=X2xy*z — §3xz + 24x>y°
(¢) C=1R2+497x?>y2z2 — 3z (d) D=Ry+§z+2xy
(¢) E=tsin¢+ ¢cos ¢+ 222 (f) F=i2r'2—dsindcosé+42tane

(99 G=tr"+8sinfsing—bsinOsind () H==1z+ bcosOsing+ dri/2
3-45 Find the gradient and laplacian of the following scalar functions:
1

(a) = e b)) U=x3%?z
1 . .
c) V= '17 (cylindrical coordinates) d V= ; (spherical coordinates)
1 . .
(e) V= i (cylindrical coordinates) o V= s (spherical coordinates)
(@ W=x*—yz hy W=xy+xz

3-46 Problems 2-28 and 2-29 were to be solved by integrating D over the surface
of the cubical volume (§ D -ds= Q). Now solve Probs. 2-28 and 2-29 by first taking
the divergence of D and integrating this result over the volume of the cube (HIV *Ddv=
§§5pdo —0).

3-47 A parabolic line of charge with vertex at the origin and focus at x = 1 m extends
3 min both + y and — y directions. If p, =1 nC m-!, find ¥ and E at the focus. An
approximate solution can be obtained by dividing the parabolic-line charge into segments
and adding their contributions.

3-48 Repeat Prob. 3-47 for the case where the parabolic line of charge extends only
fromy=0toy=+3m. )

* 3-49 A point charge + Q is situated at the center of a dielectric sphere of permittivity
eand radius R. (@) Find ¥V and E in the dielectric and in the air outside. (4) Determine the
surface charge density required on the surface of the sphere to maintain the same field inside
the sphere but reduce the field outside to zero.

3-50 A typical 12-V automobile lead acid storage battery can store 1 kW hr of energy.
(a) What is the smallest practical volume in which 1 k€W hr of energy can be stored in electro-
static form? (b) What is the ratio of this volume to that of the storage battery ?
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THE STEADY ELECTRIC CURRENT

4-1 INTRODUCTION

Electric charge in motion constitutes an electric current. In metallic conductors the
charge is carried by electrons. In liquid conductors (electrolytes) the charge is
carried by ions, both positive and negative. In semiconductors the charge is carried
by electrons and holes, the holes behaving like positive charges (see Sec. 4-7).

In this chapter the important relations governing the behavior of steady electric
currents in conductors are discussed.t

The fields associated with steady currents are constant with time and hence are
static fields. In Chaps. 2 and 3 the discussion was almost entirely concerned with
static fields having all associated charges stationary, i.e., with no currents present.
In this chapter the fields are also static, but steady direct currents may be present.

t Specifically, a steady direct current is meant. This should not be confused with a
steady-state current, which may imply a time-changing current that repeats itself
periodically.
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42 CONDUCTORS AND INSULATORS

In some metals, like silver and copper, there is but one electron in the outermost
occupied shell of the atom. This electron is so loosely held that it migrates easily
from atom to atom when an electric field is applied. Materials that permit such
electron motion are called conductors. Silver and copper are examples of good
conductors, their resistance to electronic motion being relatively slight. Not all
good conductors have only one electron in the outermost occupied shell. Some have
two, and a few, such as aluminum, three. However, in all conductors these electrons
are loosely bound and can migrate readily from atom to atom. Such electrons are
often called true charges.

In other substances, however, the electrons may be so firmly held near their
normal position that they cannot be liberated by the application of ordinary fields.}
These materials are called dielectrics or insulators. Although a field applied to an
insulator may produce no migration of charge, it can produce a polarization of the
insulator, or dielectric (Sec. 3-5), i.e., a displacement of the electrons with respect to
their equilibrium positions. The charges of an insulator are often called bound or
polarization charges in contrast to the free, or true, charges of a conducting material.

Certain other materials with properties intermediate between conductors and
insulators are called semiconductors. Under some conditions such a substance may
act like an insulator but with the application of heat or sufficient field may become a
fair conductor.

4.3 THE ELECTRIC CURRENT

When an isolated conducting object is introduced into an electric field, charges migrate
(currents flow) until a surface charge distribution has been built up that reduces the
total field in the conductor to zero. If, however, the conducting object is not isolated
and the applied field is maintained, current will continue to flow in the conductor.

For example, consider an infinitely long conductor, such as a metal wire, in a
uniform field E as in Fig. 4-1. The field E in the conductor is not zero if current is
flowing. Rather, E is the same inside and outside the conductor. This follows from
the boundary relation (1) of Table 3-2 that the tangential component of the electric
field is continuous across a boundary. The field causes the electrons in the conductor
to migrate parallel to the field. Since the electrons are negatively charged, they move

" in a sense opposite to the field direction. If there are n electrons per meter of length
of the conductor and their average velocity is v m s~ 1, then the total charge per second

+ However, they may be torn off by mechanical means such as rubbing.
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Wire
. / == __Electron
. —1 & __D
FIGURE 4-1 . d
Infinite conductor in uniform field. L——— V——>

passing a fixed point on the wire is ngv, where g is the charge of each electron. The
electric current I in the wire is then defined as

I= —nqv )

The electric current is, by definition, taken to be in the opposite direction to the electron
motion. Hence the negative sign in (1). Electric current has the dimensions of
current, or in dimensional symbols 7 (= Q/T). The SI unit of current is the ampere
(A). Thus,

coulombs

Amperes =
P second

That is, a current of 1 A is produced by charge flowing by a fixed point at the rate of
1Cs™ 1 :

4-4 RESISTANCE AND OHM’S LAW

In 1826 Georg Simon Ohm experimentally determined the relations between the
voltage V over a length of conductor and the current I through the conductor in
terms of a parameter characteristic of the wire (see Fig. 4-1). This parameter, called
the resistance R, is defined as the ratio of the voltage V to the current I. Thus,

R=-— or Vv =1IR )

The latter form is the usual statement of Ohm’s law, which states that the potential
difference or voltage V between the ends of a conductor is equal to the product of its
resistance R and the current I.

It is assumed that K is independent of I; that is, R is a constant. Conversely,
such a resistance is said to obey Ohm’s law. There exist circuit elements, however,
such as rectifiers, whose resistance is not a constant. Such elements are said to be
nonlinear, and a V-vs.-I diagram is required to display their behavior. Nevertheless,
the resistance of the nonlinear element is still defined by R = V/I, but R is not in-
dependent of I and the resistance does not obey Ohm’s law.

S
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Resistance has the dimensions of potential divided by current or, in dimensional
symbols, MI?/IT3. The SI unit of resistance is the ohm (Q). Thus

Volts
Ampere

That is, the resistance of a conductor is 1 Q if a current of 1 A flows when a potential
difference of 1 V is applied between the ends of the conductor.

4-5 POWER RELATIONS AND JOULE’S LAW

Referring again to Fig. 4-1, the potential difference or voltage V across the length d
of the conductor is equal to the work per unit charge (current x time) required to
move a charge through the distance 4. Multiplying by the current / yields the work
per unit time, or power P. Thus,

Work

work
—————————— X current = ——— = power
Current x time time

or Vi=P ¢))

This is the power dissipated in the length d of the conductor. The SI unit of power is
the watt (W). Hence,

Volts x amperes = watts (W)
or in dimensional symbols
ME ML
m* T

Introducing the value of V from Ohm’s law (4-4-1) into (1) yields

P=1I*R 2)

Thus, the work or energy dissipated per unit time in the conductor is given by the
product of its resistance R and the square of the current I. This energy appears as
heat in the conductor.

The energy W dissipated in the conductor in a time T is then

W = PT = I’RT 3)
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where W = energy, J

P = power, W

I =current, A

R = resistance, Q

T =time, s
This relation is known as Joule’s law. It is assumed that P is constant over the time T,
If it is not constant, I?R is integrated over the time interval T.

4-6 THE ELECTRIC CIRCUIT

The discussion in the preceding sections concerns an infinitely long conductor along
which a field E is applied (Fig. 4-1). Consider now a cylindrical conductor of finite
length 4 as in Fig. 4-2a between two large conducting blocks of negligible resistance
maintained at a constant potential difference V by a battery. This produces a uniform
field E along the conductor. This field is given by E = V/d. As long as this field
is maintained in the conductor, current flows that has a value

E
I=V d

R R .

(WSSt

L —|+
e Pl al
v (a) (b)

FIGURE 4-2

(@) Cylindrical conductor of length 4
between end blocks, and (b) schematic
diagram.
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Assuming that the resistance of the wires connected to the battery is negligible
compared with R, the potential difference V is equal to the voltage appearing across
the terminals of the battery. The arrangement of Fig. 4-2a may then be represented
by the schematic diagram of Fig. 4-2b.

This is a diagram of a closed electric circuit of the most elementary form consist-
ing of a resistor of resistance R and a battery of voltage V.

4-7 RESISTIVITY AND CONDUCTIVITY

The resistance of a conductor depends not only on the type of material of which the
conductor is made but also on its shape and size. To facilitate comparisons between
different types of substances, it is convenient to define a quantity which is characteristic
only of the substance. The resistivity S is such a quantity. The resmmty of amate-
rial is numerxcall;Le_qullt()_thJe51stance of a homogeneous unit cube of the material
with.a. uniform current distribution. ~ This condition may be produced by clamping
the cube between two heavy blocks of negligible resistance, as in Fig. 4-3. With a
current I through the cube, the resistivity S of the material is given by S = V/I, where
V is the potential between the blocks.

FIGURE 4-3 |
Unit cube between end blocks. I

In SI units, this measurement is in ohms for a cube of material 1 m on a side.
If two cubes are placed in series between the blocks, the resistance measured is 25,
while if two cubes are placed in parallel, the resistance is 4S. . It follows that the re-
sistance R of a rectangular block of length / and cross section a, as in Fig. 4-4, is

st R
R=2 o |s§=22 )
a )
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FIGURE 4-4
Block of conducting material.

where § is the resistivity of the block material. From (1) resistivity has the dimensions

Resistance x area

Length = resistance x length

Thus, resistivity has the dimensions of resistance times length and in SI units is ex-
pressed in ohm-meters (Q m).

The resistivity is a function of the temperature. In metallic conductors it
varies nearly linearly with absolute temperature. Over a considerable temperature
range from a reference or base temperature T, the resistivity S is given approximately
by ‘

S = Soll + T — Tp)]

where T = temperature of material ,°C
T, = reference temperature (usually 20°C)
Sy = resistivity at temperature Ty, Q m
o = temperature coefficient of resistivity, numerical units °C~!

EXAMPLE For copper the resistivity S, at 20°C is 17.7 nQ m and the corresponding
coefficient « = 0.0038°C ~'.. Find the resistivity at 30°C.

SOLUTION The resistivity S at a temperature T is
§=1.77 x 10 ~8[1 + 0.0038(T — 20)] (2 m)
At a temperature of 30°C,
S=177 X 10 *[1 + 0.0038(10)] = 18.4 n O m
This is an increase of nearly 4 percent over the resistivity at 20°C.

At temperatures near absolute zero (T = 0 Kt or —273°C) some metals become
superconducting, an effect first observed by H. Kamerlingh Onnes in 1911. The
resistivity drops to zero, and the magnetic field is expelied, so that B = 0. The tran-
sition is very abrupt. Niobium (also called columbium) becomes superconducting
at 9.2 K, aluminum at 1.2 K, but copper and gold are not superconducting, at least

not at temperatures down to 0.05 K. Some intermetallic compounds like Nb;(Al-Ge)
become superconducting at the relatively high temperature of about 21 K. If materials

+ The SI unit for absolute temperature is the kqlvin (K) (see Sec. 1-3).
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are developed which become superconducting at 25 K or more, a technological revolu-
tion will occur since this will permit use of superconductors cooled by relatively
inexpensive liquid hydrogen (boiling temperature 20.4 K).}

The reciprocal of resistance R is conductance G. That is, G =1/R. Since
resistance is expressed in ohms, conductance is expressed in reciprocal ohms. A
reciprocal ohm is called a mho (ohm spelled backward); conductance is given in
mhos, and the SI symbol is an upsidedown capital omega (¢y).

The reciprocal of resistivity S is conductivity ¢. That is,

(1a)

Although the resistivity is convenient in certain applications, it is often more conve-
nient to deal with its reciprocal, the conductivity, e.g., where parallel circuits are
involved. Since resistivity is expressed in ohm-meters, the conductivity is expressed
in mhos per meter (5 m ™).

The resistance R of a rectangular block, as in Fig. 4- 4 of material of conductivity
ais

R=" (ohms, Q) @)
oa

or the conductance G of the block is

oa

Tl

(mbhos, 73) 3)

x| -

G=

where ¢ = conductivity of block material, ¢y m™!

a = cross-sectional area of block, m?
I = length of block, m

A semiconductor contains electrons and holes (vacant spaces in the semi-
conductor lattice). The electrons move opposite to E, but the holes move with E,
like positive charges. From J = ¢E the conductivity may be expressed.

J v
= —_—= — = 4
C=p=PE=PH @

where p is the electron (or hole) charge density, in coulombs per cubic meter. The
quantity u is the drift velocity v of the electron (or hole) per unit field E and is called
the mobility (m? s~ V~1). The mobility of electrons and holes is different. Hence,
we may write for the conductivity of a semiconductor

1 B. T. Matthias, The Search for High-temperature Superconductors, Phys. Today, 24
23-28 (August 1971).
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O = P.le+ Prlly ) m™Y) ®)

where p, = charge density of electrons, C m ™3

1. = mobility of electrons, m2 s~ V~*
p, = charge density of holes, C m™3
#, = mobility of holes, m* s~ V™!

48 TABLE OF CONDUCTIVITIES

The conductivities ¢, of some common materials are listed in Table 4-1 for a temper-
ature of 20°C and for a superconductor at temperatures below 21 K.

Table 4-1 TABLE OF CONDUCTIVITIES

Conductivity,
Substance Type Um—
Quartz, fused Insulator ~10-17
Ceresin wax Insulator ~10-17
Sulfur Insulator ~10-15
Mica Insulator ~10-18
Paraffin Insulator ~10-15
Rubber, hard Insulator ~10-15
Glass Insulator ~10-12
Bakelite Insulator ~10°
Distilled water Insulator ~104
Seawater Conductor ~4
Tellurium Conductor ~5x 10?
Carbon Conductor ~3 x 104
Graphite Conductor ~10%
Cast iron Conductor ~ 108
Mercury Conductor 10¢
Nichrome Conductor 10
Constantan Conductor 2 x 108
Silicon steel Conductor 2 x 10°
German silver Conductor 3 x 10¢
Lead Conductor 5 x 108
Tin Conductor 9 x 106
Phosphor bronze Conductor 107
Brass Conductor 1.1 x 107 °
Zinc Conductor 1.7 x 107
Tungsten Conductor 1.8 x 107
Duralumin Conductor 3 x 107
Aluminum, hard-drawn Conductor 3.5x 107
Gold Conductor 4.1 x 107
Copper Conductor . 57x%x107
Silver Conductor 6.1 x 107

Nb;(Al-Ge) Super-
conductor ~ 0
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49 CURRENT DENSITY AND OHM’S LAW AT A POINT

If the current is distributed uniformly throughout the cross section of a wire, the
current density J is uniform and is given by the total current I divided by the cross-
sectional area a of the wire. That is,

g=1 )

Current density has the dimensions of current per area and in SI units is expressed in
amperes per square meter (A m ™ 2).

If the current is not uniformly distributed, (1) gives the average current density.
However, it is often of interest to consider the current density at a point. This is
defined as the current Al through a small area As divided by As, with the limit of this
ratio taken as As approaches zero. Hence, the current density at a point is given by

. Al .
gy @

It is assumed that the surface As is normal to the current direction. The current
density J is a vector point function having a magnitude equal to the current density
at the point and the direction of the current at-the point.

Consider now a block of conducting material as indicated in Fig. 4-5. Let a
small imaginary rectangular cell of length / and cross section a be constructed around
a point P in the interior of the block with a normal to J as indicated. Then on
applying Ohm’s law to this cell we have V = IR, where V is the potential difference
between the ends of the cell. But V = El and I = Ja; so El = JaR and

J= L E A3
aR
By making the cell enclosing P as small as we wish, this relation can be made to apply
at the point P, and we can write

J=0E . @)

FIGURE 4-5
Block of conducting material with small
imaginary cell enclosing the point P.
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Equation (4) is Ohm’s law at a point and relates the current density J at a point to the
total field E at the point and the conductivity ¢ of the material.. In the above dis-
cussion it is assumed that the conducting material is homogeneous (same material
throughout), isotropic (resistance between opposite faces of a cube independent of
the pair chosen), and linear (resistance independent of current).

4-10 KIRCHHOFF’S VOLTAGE LAW AND THE
DIFFERENCE BETWEEN POTENTIAL AND EMF

Consider the simple electric circuit shown by the schematic diagram in Fig. 4-6.
The circuit consists of a resistor R, and the battery. The current is I at all points in
the circuit. At any point in the conducting material of the circuit we have from Ohm’s
law at a point that J/¢ = E, where E is the total field at the point.

In general the total field E may be due not only to static charges but also to
other causes such as the chemical action in a battery. To indicate this explicitly,
we write

E=E,+E, 1)

where E_ = static electric field due to charges; the subscript ¢ is to indicate explicitly
that the field is due to charges
E, = electric field generated by other causes as by a battery; the subscript ¢
is to indicate explicitly that it is an emf~producing field
Whereas E, is derivable as the gradient of a scalar potential due to charges (E, =
—VV), this is not the case for E,. Substituting (1) in (4-9-4), writing J = I/a, where
a is the cross-sectional area of the conductor, and noting the value of o from (4-7-2),
we have

J _R
s=I7=E+E ()]
where R/l is the resistance per unit length in ohms per meter. This applies at any

point in the circuit. Integrating around the complete circuit gives

§E£°dl+§Ee-dl=I§§d1 3

FIGURE 4-6
Series circuit of battery and external
resistance. '
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The first term is zero; i.e., the line integral of a field due to charges is zero around a
closed circuit (see Sec. 2-8, last paragraph). However, the second term involving
the line integral of E, around the circuit is not zero but is equal to a voltage called the
total electromotive force, or emf,t Uy of the circuit. The field E, is produced, in the
present example, by chemical action in the battery. If it were absent, no current would
flow since an electric field E, due to charges is not able to maintain a steady current.
The right-hand side of (3) equals the total IR drop around the circuit. Hence (3)
becomes

Uy = IRy C)

where Ry is the total resistance of the circuit (equals R, if the internal resistance of the
battery is zero).
In general, for a closed circuit containing many resistors and sources of emf,

YU =IYR )

This is Kirchhoff’s voltage law. In words it states that the algebraic sum of the emfs
around a closed circuit equals the algebraic sum of the ohmic or IR drops around the
circuit.}  Kirchhoff’s voltage law applies not only to an isolated electric circuit as
in Fig. 4-6 but to any single mesh (closed path) of a network.

To distinguish emf from the scalar potential ¥, the symbol U (script V) is used
for emf. Both V and U are expressed in volts, so that either may be referred to as
a voltage if one does not wish to make a distinction between potential and emf.

It is to be noted that the scalar potential V is equal to the line integral of the
static field E;, while the emf U equals the line integral of E,. Thus, between any
two points aand b,§

b
Va=VYo=Vo=—[ E.-dl ©

b
“and W, = j E, - dl %)

In (6) V,, is independent of the path of integration between a and b, but <U,,, in (7),
is not.

1 Also called electromotance.

1 In time-varying situations, where the circuit dimensions are small compared with
the wavelength, Kirchhoff’s law is modified: The algebraic sum of the instantaneous
emfs around a closed circuit equals the algebraic sum of the instantaneous ohmic drops
around the circuit.

§ An open-circuited battery (no current flowing) has a terminal potential difference
V equal to its emf V. The potential V is as given by (6). As explained in the
examples that follow, E, and E, have opposite directions in the battery. Therefore,
in order that Ve = U, for an open-circuited battery, (7) has no negative sign.
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For closed paths, § E.-dl =0 and §E, dl = Uy, where Uy is the total emf
around the circuit. -

EXAMPLE Let the circuit of Fig. 4-6 be redrawn as in Fig. 4-7a. The battery has an
internal resistance R;, and it will be convenient in this example to assume that the field E.
in the battery is uniform between the terminals (candd). The point b (or ¢) is taken arbitrarily
to be at zero potential. The resistor has a uniform resistance R, and the wires connecting
the resistor and the battery are assumed to have infinite conductivity (0 = ). Hence, in
the wire, E. = 0. The field E, has a value only in the battery, being zero elsewhere. Find
the variation of the potential ¥ around the circuit.

I / G =00
R, (a)
L e |
c: Ee‘d
_d ]
! .
i
FIGURE 4-7 Potential E v ®)
(a) Series circuit of battery and external v ! lI !
resistance with (b) graph showing vari- ! !
ation of potential around circuit. b ¢c d

soLUTION By Kirchhoff’s voltage law the sum of the emfs around the circuit equals
the sum of the IR drops. Thus

clJ=IRo+IR1
iy
[=—o
o Ro+ R,

In the resistor E, = 0, but E, has a value (as discussed in connection with Fig. 4-2). Applying
Ohm’s law (4-9-4) to the resistor (between a and b), we have
<3 _1%
Co 1 [
where o, = conductivity of resistor material (assumed uniform)
Iy = distance from a to b
Integrating from a to b yields

b

Jx

-dI_I—J' di

or V.b = —IRo
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b \Trough (lower level) ¢

FIGURE 4-8
Hydraulic analog for electric circuit of Fig. 4-7.

where V., is the potential difference between a and b. Since point a is connected to d and b
to ¢ with perfectly conducting wires, V.a=— Vu, where V. is the potential difference
appearing across the terminals of the battery. Therefore, we have

CU = Vcd -+ IRl
or Ve =U — IR,

Thus, the potential difference appearing between the terminals of the battery is equal to the
emf U of the battery minus the drop IR, due to the internal resistance of the battery. The
variation of the potential ¥ around the circuit is as indicated in Fig. 4-75.

It is instructive to compare the electric circuits of the above examples with the
analogous hydraulic systems. Thus, a hydraulic system analogous to the circuit of
the above example (Fig. 4-7) is shown in Fig. 4-8. Between b and c there is an open
horizontal trough at what may be called a lower level, corresponding to the ground
potential in Fig. 4-7. Between ¢ and d there is a pump which raises the water or
other liquid against the gravitational field in the same manner as the battery in Fig. 4-7
raises positive charge against the static electric field E.. Thus, the water in the upper
trough has a higher potential energy chan the water in the lower trough in the same
way as the charge in the wire between d and a in the electric circuit of Fig. 4-7isata
higher potential than the charge in the wire from bto ¢. From d to a the water moves
in a horizontal frictionless trough at an upper level corresponding to the perfectly
conducting wire between these points in Fig. 4-7. From a to b the water falls through
a pipe to the lower level and in so doing gives up the energy it acquired in being
pumped to the upper level. The pipe offers resistance to the flow of water, and the
energy given up by the water appears as heat. This energy is analogous to that appear-
ing as heat in the resistor of Fig. 4-7 owing to charge falling in potential from a to b.
In this analogy the pump does work, raising the water against the gravitational field in
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the same manner as the chemical action in the battery does work per unit charge
(against the electrostatic field E, and internal resistance R,) equal to the emf of the
battery.

In a single-cell battery with two electrodes the field E, is largely confined to a
thin layer at the surface between the electrode and the electrolyte and is zero in the
electrolyte between the two electrodes. Thus, the potential variation assumed in the
preceding example is not representative of an actual two-electrode cell although it
could be approached if each battery consisted of a large number of cells of small emf
connected in series between ¢ and d in Fig. 4-7.

4-11 TUBES OF CURRENT

In Chap. 2 we discussed tubes of flux. Let us now consider an analogous concept,
namely, that of tubes of current. A tapered section of a long conductor is' shown in
Fig. 4-9. Let all the space in the conductor be filled with current tubes. Each tube is
everywhere parallel to the current direction and hence, from the relation J = oK,
is also parallel to the electric fieid. Since no current passes through the wall of a
current tube, the total current I, through any cross section of a tube is a constant.
Thus

I, = ﬂ J + ds = constant 6))

a
where J = current density, A m™?2
a = cross section of tube (over which J is integrated), m?

If J is constant over the cross section and normal to it, then I, = Ja or, referring to
the current tube of rectangular cross section in Fig. 4-9,

I =Jbd

where & and d are the tube cross-sectional dimensions (see Fig. 4-9).

Current tube

Conductor —

FIGURE 4-9
Tapered section of a long conductor showing current tube.
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If all of the conductor is divided up into current tubes, each with the same current
Io, the total current I through the conductor is I = Iyn, where n is the number of
current tubes.

Surfaces normal to the direction of the current (or field) are equipotential
surfaces. The potential difference V between two equipotential surfaces separated
by a distance / is by Ohm’s law equal to the current I, in a current tube times the
resistance R of a section of tube of length /. Thus, ¥ = I, R. If the current density
is yniform (field uniform), the resistance R is, from (4-7-2), given by

R=— (Q 2
where / = length of tube section, m

o = conductivity of conducting medium, ¥ m™?
a = cross-sectional area of tube, m?

4-12 KIRCHHOFF’S CURRENT LAW

- Whereas flux tubes in a static electric field begin and end on electric charge and hence
are discontinuous; the tubes of a steady current form closed circuits on themselves
and hence are continuous. To describe this continuous nature of steady currents,
it is said that the current is solenoidal. That is, it has no sources or sinks (ending
places) as do the flux tubes, which start and end on electric charges in a static electric
field. As a consequence as much current must flow into a volume as leaves it. Thus,
in general, the integral of the normal component of the current density J over a closed
surface s must equal zero, or

§3-¢=0 )

This relation is for steady currents and applies to any volume. For example, the
volume may be entirely inside a conducting medium, or it may be only partially filled
with conductors. The conductors may form a network inside the volume, or they
may meet at a point. As an illustration of this latter case, the surface S in Fig. 4-10
encloses a volume that contains five conductors meeting at a junction point P. Taking
the current flowing away from the junction as positive and the current flowing toward
the junction as negative, we have from (1) that

L—L—I,+I,—I,=0
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FIGURE 4-10
Junction point of several conductors.

In other words, the algebraic sum of the currents at a junction is zero. This is
Kirchhoff’s current law, which can be expressed in general by the relation

YI=0 2

4-13 DIVERGENCE OF J AND CONTINUITY
RELATIONS FOR CURRENT

Consider the small volume element Av shown in Fig. 4-11 located inside a conducting
medium. The current density J is a vector having the direction of the current flow.
In general, it has three rectangular components that vary with position. The develop-
ment here is formally the same as for D in Sec. 3-23 and yields '

)

V-J=0 )

/_Jz Az

=J, J; rd 9J;
e—r Jx ol J, + —a:- Ay
dJ.
WA Tl i 2 ¥
A
~J, T

FIGURE 4-11 J \
Construction used to develop differential Ay

expression for divergence of J. z
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Av
P S S
FIGURE 4-12 ) 2___ -
Construction for the continuity relation //
between current and charge. 4

This is a point relation. It states that steady currents have no sources or sinks.
Any vector function whose divergence is everywhere zero is said to be solenoidal.

Equation (4-12-1) is an integral relation involving J for a finite region.
Equation (1) is a differential relation involving J at a point. Both equations are
expressions of the continuous nature of J. Both are statements of Kirchhoff’s
current law.

Let us digress briefly to consider the situation if the current is not steady as
assumed above. Then (4-12-1) does not necessarily hold, and the difference between
the total current flowing out of and into a volume must equal the rate of change of
electric charge inside the volume. Specifically, a rnet flow of current out of the volume
(positive current flow) must equal the negative rate of change of charge with time
(rate of decrease of charge). Now the total charge in the volume Av of Fig. 4-11 is
p Av, where p is the average charge density. Therefore

§§J-ds=—@m Q)
s ot

Dividing by Av and taking the limit as Av approaches zero, we obtain

©))

This is the general continuity relationt between current density J and the charge
density p at a point. For steady currents dp/0t = 0 and (3) reduces to (1).

Consider now the situation shown in Fig. 4-12, where a wire carrying a current /
terminates inside a small volume Av. Applying (2) to this situation, the integral of
J over the volume yields the net current entering or leaving the volume. Assuming
that 7 is entering the volume, we have

$I-ds=—1I @
 Since p Av equals the totalcharge Q inside the volume,
op dQ

1 Also called the equation of conservation of charge.
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Substituting (4) and (5) in (2) yields
dQ

I=
dt

(6)

This is the continuity relation between the current and charge in a wire.

4-14 CURRENT AND FIELD AT A
CONDUCTOR-INSULATOR BOUNDARY

The relation between the current density J and the electric field intensity E in a con-
ductor is J = gE. Consider now the situation at a conductor-insulator boundary as
in Fig. 4-13. Assuming that the conductivity of the insulator is zero, J = 0 in the
insulator. At the boundary, current in the conductor must flow tangentially to the
boundary surface. Thus, on the conductor side of the boundary we have

E = (1)

al=

where E, = component of electric field tangential to boundary = [E|
J, = component of current density tangential to boundary = |J|
¢ = conductivity of conducting medium

Insulator

FIGURE 413 / Conducto /// //
Insulator-conductor boundary.

By the continuity of the tangential electric field at a boundary, the tangential field on
the insulator side of the boundary is also E,.

When current flows, a conductor of finite conductivity is not an equipotential
body as it is in the static case with no currents present. For example, the potential
varies along a current-carrying wire with uniform current density as suggested in’
Fig. 4-14. The arrows indicate the field and current directions, while the transverse

l '/Wire
VA4 A
1 ( E| |
NN\ NN\

FIGURE 4-14
Section of long wire. \—& Equipotentials
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lines are equipotentials. Since E is uniform, the potential difference V of two points
separated by a distance / along the wire is El. This potential difference is also equal
to the IR drop, that is, V = IR, where I is the current in the wire and R is the resistance
of a length / of the wire. The field is the same both inside and outside the wire and
is entirely tangential (and parallel to the axis of the wire).

If superimposed on this situation there is a static electric charge distribution at
the boundary surface due to the proximity of other conductors at a different potential,
a component of the electric field E, normal to the conductor-insulator boundary also
is present on the insulator side of the boundary. The total field in the insulator is
then the vector sum of the normal component E, and the tangential component E,.
In the conductor, E, = 0, and the field is entirely tangential to the boundary. For
instance, consider the longitudinal cross section shown in Fig. 4-15 through a part of
a long coaxial cable. Current flows to the right in the inner conductor and returns
through the outer conductor. The field in the conductor is entirely tangential (and
parallel to the axis of the cable) and is indicated by E,. Since the conductivity of
the conductor is large, this field is relatively weak, as suggested by the short arrows
for E,. In the insulating space between the inner and outer conductors there may
exist a relatively strong field due to the voltage applied at the end of the cable. This
field is a static electric field. It is entirely normal to the surfaces and is indicated by
E,. 1t is relatively strong, as suggested by the long arrows for E,. At a point P at
the surface of the inner conductor (Fig. 4-15) the total field E is then the sum of the
two components E, and E, added vectorially as in Fig. 4-16. If the conductivity of
the metal in the cable is high, E, may be so small that E is substantially normal to the
surface and equal to E,. However, the size of E, has been exaggerated in Fig. 4-16

Outer
conductor

Inner

conductor

FIGURE 4-15

Longitudinal cross section of coaxial transmission line. Equipotentials are shown
by the dashed lines. The arrows indicate the direction of the normal and tan-
gential field components, E, and E,, and the current density J.
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| " JE

Insulator

FIGURE 4-16
Total field E at insulator-conductor boundary (point P in Fig. 4-15) resolved into

normal and tangential components. The tangential component E, is due to the
current in the conductor (= J,/o) while the normal component E, is due to the
surface charge induced by the voltage between the inner and outer conductors.

in order to show the slant of the total field more clearly. The shape of the total field
lines across the entire insulating space between the inner and outer conductors is
suggested in Fig. 4-17, with the slant of the field at the conductors greatly exaggerated.
Equipotential surfaces are indicated by the dashed lines.

\ Outer

Equi-
conductor

potentials€

Inner
_ conductor

Field lines

FIGURE 4-17

Longitudinal cross section of coaxial
transmission line showing equipotentials
(dashed) and total field lines (solid).

4-15 CURRENT AND FIELD AT A
CONDUCTOR-CONDUCTOR BOUNDARY

“Consider the conductor-conductor boundary shown in Fig. 4-18 between two media
of constants ¢, ¢; and o,, €,. In general, the direction of the current changes in

flowing from one medium to the other.
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Current or
| field line
Normal 3
H 1
E,
Medium 1
o €
/Boundary
Medium 2
. 0 €
FIGURE 4-18 .
Boundary between two different conduct- |
ing media showing change in direction |
of current or field line.
For steady currents we have the boundary relation
Jo1 =2 M
where J,; = component of current density normal to boundary in medium 1
J.2 = component of current density normal to boundary in medium 2
From relation (1) of Table 3-2 we also have
E,=E, (2)
where E,; = component of field tangent to boundary in medium 1
E,, = component of field tangent to boundary in medium 2
It follows that
J J
e 3
0y 5]
where J,, = component of current density tangent to boundary in medium 1
J,» = component of current density tangent to boundary in medium 2
Dividing (3) by (1) gives
J J
t1 — t2 (4)
g, J n1 ()] 'In2
tana; o,
or —_— = (5

tano, o,

where a; and a, are as shown in Fig. 4-18. This relation is similar to Snell’s law of

refraction (see Chap. 12).
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4-16 CURRENT MAPPING AND THE RESISTANCE OF
SIMPLE GEOMETRIES; CONDUCTOR CELLS

If the current density is uniform throughout a conductor, its resistance is easily
calculated from its dimensions and conductivity. For example, consider the homo-
geneous rectangular bar of conductivity ¢ shown in Fig. 4-19. It has I'=1 m,
b’ = 400 mm, and d = 400 mm. If the end faces of the bar are clamped against high-
conductivity blocks, as in Fig. 4-3, the field and current density throughout the bar
will be uniform. The resistance R of the bar is

r 1

R=w=m (9)] 4))

where ¢ is the conductivity of the bar in mhos per meter.

The resistance of the bar can also be calculated by dividing the side of the bar
into square areas each representing the end surface of a conducfor cell. The sides of
the cells are equipotentials. The top and bottom surfaces of the cell are parallel
to the current direction. The resistance R, of such a cell is given by

Ro=—=— =" (a)

where S is the resistivity of the bar material. Hence the product of R, and the depth
d equals the resistivity S of the bar material, or

Rod=S )

cel’ /

Conductor divided into current tubes. Vertical lines are equipotentials.

FIGURE 4-19
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Taking the reciprocal of (2) yields

Go _ '
7—0‘ (3)

That is, the conductance per unit depth of a conductor cell is equal to the conductivity
of the medium. Referring to Fig. 4-19, let the conductance of each cell equal 1 .
Then the total conductance of the bar is

Number of cells (or current tubes) in parallel _ 4
Number of cells in series 10

From (3) the conductance per unit depth of a conductor cell is o, so that the actual
conductance G, of a cell of bar material is given by

Gy = do = 0.40 ((4)) C)
The total conductance of the bar is then
G =Gy =15040 =0.166 (V)

The total resistance is the reciprocal, or

R= 160 = 6.258 (Q) 5)

The method of calculating the resistance or conductance of the bar by means of
evaluating the series-parallel combination of conductor cells is more general than the
method used in arriving at (1) since it can be applied not only to uniform current
distributions (as here) but also to the more general situation where the current distri-
bution is nonuniform. In a nonuniform distribution the sides of many or all of the
conductor cells will be curvilinear squares. Their area and arrangement may be
determined by graphical current-mapping techniques that are like the field-mapping
procedures discussed in Sec. 3-22.

Graphical current-mapping techniques can be applied to any two-dimensional
problem, i.e., to a conductor whose shape can be described by a single cross section
with all other cross sections parallel to this one being identical to it. Current mapping
is actually electric field mapping in a conducting medium since the current and the
field have the same direction in isotropic media (J = oE).

The following fundamental properties are useful in current mapping:

1 Current lines and equipotentials intersect at right angles.

Current flows tangentially to an insulating boundary.

3 The total current through any cross section of a continuous current tube is a
constant.

In a uniform current distribution the potential varies linearly with distance.

5 Current tubes are continuous.

N

BN
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With these properties in mind one divides a conductor cross section into current
tubes and then by equipotentials into conductor cells with sides that are squares or
curvilinear squares, using the same trial-and-error method described in Sec. 3-22 in
connection with field mapping in an insulating medium.

In calculating the conductance of a conductor with a nonuniform current
distribution a current map is first made, as discussed above. The conductance G is
then given by

G=—G, (6)

N
n
where N = number of cells (or current tubes) in parallel
n = number of cells in series = number of cells per tube
G, = conductance of each cell as given by (4)
The accuracy of the conductance (or its reciprocal, the resistance) depends primarily
on the accuracy with which the curvilinear squares are mapped.

EXAMPLE A homogeneous rectangular bar of conductivity ¢ has the dimensions shown
in Fig. 4-20a. This bar is identical with the one of Fig. 4-19 except that two cuts have been
made across the full width of the bar, as indicated. Find the resistance of the bar when its
ends are clamped between high-conductivity blocks as in Fig. 4-3.

SOLUTION A longitudinal cross section of the bar is drawn to scale and a current
map made with the result shown in Fig. 4-20b.t A portion of one quadrant has been
further subdivided to test the accuracy of the curvilinear squares. From (4) or (1a) the
resistance R, of one conductor cell is Ro = 1/0.40 (2). There are 13 cells in series in a tube,
and there are 4 tubes in parallel. Hence, from (6) the resistance R of the bar is

Thus, comparing this result with (5) for the uniform bar, the slots in the bar produce an
increase of 30 percent in its resistance. )

4-17 LAPLACE’S EQUATION FOR CONDUCTING MEDIA

For steady currents V- J =0, but J = 6E; so V- E = 0. Recalling that E = —VV,
we get V- (VV) =0 or

VY =0 0]

+ Although the entire cross section of the bar has been mapped, the symmetry is such
that a map of only one quadrant is required.




134 ELECTROMAGNETICS ‘ [cHAP. 4
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/ cell
Current J
tubes -
Equipotentials ( b )
FIGURE 4-20

(a) Conducting bar with notch and (b) current map. Resistance of bar equals
ratio of cells in series to cells in parallel multiplied by the resistance of each cell.

This is Laplace’s equation. It was derived previously in Sec. 3-27 for static electric
fields, and since it also applies here, it follows that problems involving distributions
of steady currents in conducting media can be handled in the same way as problems
involving static field distributions in insulating media. If we have a conductor with
an unknown current distribution, and if a solution to Laplace’s equation can be
found that also satisfies the boundary conditions, we can obtain the potential and cur-
rent distribution in the conductor. If this is not possible, we can nevertheless find
the approximate potential and current distribution in two-dimensional problems by
graphical current mapping as discussed in Sec. 4-16.  From a knowledge of the current
distribution we can determine the resistance, the maximum current density, and other
items of practical importance for a given conductor configuration.

In conducting media, current tubes and the conductivity o are analogous to the
flux tubes and permittivity ¢ in insulating media. Thus in conducting media we have

J=¢E (Am™? )

A
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while in insulating media we have
» D=¢E (Cm™? 3

It is also to be noted that in a conducting medium the conductance per unit depth of
a conductor cell equals the conductivity of the medium, or
G -
—=0¢ (@©m @
d R
where d is the depth of the cell (see Fig. 4-19), while in an insulating medium the capaci-
tance per unit depth of a dielectric field cell equals the permittivity € of the medium, or

oo Fm 5)

For a static electric field in a dielectric medium of permittivity ¢ there are no
currents, but there is a flux density D = ¢E. For a static electric field in a conducting
medium of conductivity & there is current of density J = ¢E. Since both fields obey
Laplace’s equation, a solution in the conductor situation is also a solution for the
analogous dielectric situation, and vice versa. For example, if the medium between
conductors 1 and 2 in Fig. 3-19 is a conductor of conductivity o, the conductance
per unit depth between ff and gg is given by -

y G 1543

— -1
y 7 ° 3.860 Om™Y

A further discussion of Laplace’s equation is given in Chap. 7.

PROBLEMS

* 4-1 A copper bar 20 by 80 mm in cross section by 2 m in length has 50 mV applied
between its ends. Find the following quantities and give units in each case: (a) resistance
R of the bar, (b) conductance G of the bar, (c) current I, (d) current density J, (e) electric
field E,(f) power loss P in the bar, (g) power loss per unit volume, (k) energy loss W per hour,
(i) drift velocity v of electrons. Take T= 20°C and p =2GCm~>.

4-2 Repeat Prob. 4-1 for T=100°C.

* 4-3 If J=%3yz A m~2, find the current  through a square 2 m on a side with one
corner at the origin and other corners at (0,2,0), (0,0,2), and (0,2,2).

* 4-4 A 20-mm-thick L-shaped copper block has the dimensions shown in Fig. P4-4.
At 20°C find the resistance R and conductance G (a) between faces 1 and 2, (b) between sides
3 and 4, and (¢) between front and back surfaces (parallel to page). (d) If 1 mV is applied
between faces 1 and 2, find the current density J and electric field E at the points P, and P;.
The point P; is 10 percent of the distance along the diagonal from the inside corner, and P,
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110mm

40mm

70mm P,

110mm

70mm

FIGURE P4-4 40mm
L-shaped block. 2

is 10 percent of the distance from the outside corner. (¢) What is the ratio of the current
density J at P, to that at P, ?

* 4-5 1If the L-shaped block of Fig. P4-4 is cut along the diagonal at the bend and one
half turned over, the two halves cari be joined to form a straight bar 20 by 40 mm in cross
section by 180 mm long. (a) What is the resistance between the ends of this bar? (b) What
is the ratio of the resistance between the faces 1 and 2 of the L-shaped bar [part (@) of Prob.
4-4] and the resistance of the straight bar [part (@) of this problem]? (¢) Why is this ratio
not unity ?

* 4-6 Two aluminum bars 20 by 20 mm in cross section by 100 mm long are joined
by being overlapped 20 mm. At 20°C (@) what is the resistance between the ends of this
combination (ficld map required)? (b) What is the resistance of a continuous bar 20 by
20 mm in cross section by 180 mm long [same length as overlapped bars in (@)]? (c) What is
the resistance of a continuous bar 20 by 20 mm in cross section by 200 mm long [same length
as two bars of (a) placed end to end]? (d) Why is resistance in (a) greater than in (b) but less
than in (¢)?

4-7 (a) A resistance R, and three batteries are connected in series as shown in Fig.
P4-7. For the first battery the emf U, = 1.5 V and the electrolyte or internal resistance
R; =1 Q, for the second battery the emf U, =2 V and the internal resistance R, = 0, and
for the third battery the emf Uy = 3 V and the internal resistance R; = 1 Q. The first two
batteries have single cells, while the third has three cells in series, each cell of 1 V emf and
1 Qinternal resistance.  Assume that half the total emf of a cell occurs at each electrode, and

* Answers to starred problems are given in Appendix C.
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FIGURE P4-7
Series circuit.

assume that all connections between cells have negligible resistance. Draw a graph such
as in Fig. 4-7, showing the variation of potential with position between points a and ¢ when
Ro=4.5 Q and also when R, =0. Take V=0 at the point 5. (b) Referring to the circuit
of Fig. P4-7, let the emfs be as indicated, and let R, =1.5Q, R, =2Q,and R; =3 Q. Draw
a graph of the variation of potential with position when R, = 6.5 Q and also when R, = 0.

* 4-8 Four wires meet at a common junction point. The current in wires 1 and 2
is 5 A each and flowing away from the junction, while the current in wire 3 is 6 A flowing
toward the junction. What are the current magnitude and direction in the fourth wire?

* 4-9 A nichrome bar 40 by 40 mm in cross section by 100 mm long has a hole through
it which is symmetrically situated at the center of a long side. The hole is 30 mm in diameter.
At 20°C (a) what is the resistance between the ends of the bar?  (b) What is the resistance of a
solid bar (without hole)? (¢) What is the length of a solid bar having the same resistance
asin (a)?

4-10 A bar and strip are connected as shown in Fig. P4-10a. The bar has finite
conductivity, while the strip conductivity is assumed to be infinite. If the end of the bar is
clamped against a large, infinitely conducting block as in Fig. P4-10b instead of connected
to the strip as in Fig. P4-10a, determine by what length [ the bar would need to be lengthened
for its resistance to be the same as when connected to the strip.

4-11 Why is the resistance of the bar of Fig. P4-10 larger when it is connected to the
strip than when contact is made with the block ?

Block position
equivalent to strip

(a) (b)

FIGURE P4-10
Bar and strip.
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\

4-12 Deduce the relation V - J =0 by applying the divergence theorem to
SG J.ds=0

4-13 Show that the definition of current given by Eq. (4-3-1) leads to the continuity
relation 7= dQ/dt, where Q = positive charge.

4-14 Demonstrate that the source of the emf energizing the coaxial line of Fig. 4-17
is at the left end by showing that if the source were at the right end, the field lines would be
bowed in the opposite direction.

4-15 Show that at a conductor-conductor boundary ¢1/6: = Eyz/Eay = Je1/Je2 .

* 4-16 (@) A wire 2 mm in diameter has a resistance of 1 Q per 100 m. A current of
10 A is flowing in the wire. What is the electric field E in the wire? () If a uniform static
surface charge of 8 pC m 2 is applied to the wire, what is the electric field E (magnitude and
direction) just outside the surface of the wire? The medium outside the wire is air.

4-17 The current direction at the flat boundary surface between two media makes an
angle of 45° with respect to the surface in medium 1. What is the angle between the current
direction and the surface in medium 2?7 The constants for the media are 6 =1 MU m ™!
and € = ¢ in medium 1 and 0 = 1 kgy m ~! and € = 3¢, in medium 2.

4-18 If the cugrent density J in medium 1 is 20 A m -2, what is the surface charge
density at the boundary in Prob. 4-17?

* 4-19 Two long parallel zinc-plated iron pipelines have a spacing of 4 m between
centers. The pipes are half buried in the ground as indicated in Fig. P4-19. The diameter
of the pipes is 500 mm. The conductivity of the ground (sandy soil) is 100 xOm~*. With-
out drawing a field map, find the resistance between the two pipes per meter of length. Hint:
Note the analogy between this situation and the static electric field between two parallel

cylindrical conductors.
[y am )

FIGURE P4-19
Pipelines half buried in the ground.
* 4-20 A flat washer of thickness ¢ has an inner radius r and outer radius r,. If the
conductivity is o, determine the resistance (a) between the inner and outer edges, (b) between
the flat surfaces, and (c) around the washer (same as resistance between the edges of an
infinitesimally thick saw cut through one radius of the washer).
4-21" For an applied emf U determine the current density J as a function of radius
for cases (a) and (c) of Prob. 4-20.
4-22 A flat washer of thickness ¢ has an inner radius r; and a square outer edge of
side length /= 3r,. If the conductivity is o, determine the resistance (a) between inner and

outer edges, (b) between the flat surfaces, and (c) around the washer (same as resistance be-
tween the edges of an infinitesimally thick saw cut through one radius of the washer).
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4-23 1In general, a surface charge is present on the boundary between two conductors
- (conductivities o1 and ¢, and permittivities €; and e, respectively) across which current is
flowing. Show that the surface charge density p; is given by

€1 €2
A -
P (01 02)

where J, is the normal component of current density.

* 4-24 (a) At 30°C, intrinsic semiconductor germanium has an electron mobility of 0.4
and hole mobility of 0.2 m2s~'V~!. If the electron and hole charge densities are both
4 C m~3, find the conductivity of the material. (b) If an electric field of 10 V. m~1! is applied
find the velocity of the electrons and of the holes.

4-25 Find the current in a wire of 1 mm? cross section with an applied field of 0.1 V
m~! (a) if the wire is of germanium with properties as in Prob. 4-24 and (b) if the wire is of
copper with conductivity of 57 MU m~*. (c) If the electron mobility for copper is 0.003 m?
s~! V-1 what is the charge density for the copper wire? (d) Compare the electron drift
velocities and charge densities for the two wires.
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THE STATIC MAGNETIC FIELD OF STEADY
ELECTRIC CURRENTS

5-1 INTRODUCTION; EFFECT OF A CURRENT ON A MAGNET

A static electric charge has an electric field, as discussed in Chaps. 2 and 3. An
electric current, on the other hand, possesses a magnetic field. For instance, a wire’
carrying a current I has a magnetic field surrounding it, as suggested in Fig. 5-1a.
" When this field is explored with a pivoted magnet or compass needle, the magnetic
field produces an aligning force or torque on the needle such that the needle always
orients itself normal to a radial line originating at the center of the wire. This
orientation is parallel to the magnetic field. If one moves in the direction of the
needle, it is found that the magnetic field forms closed circular loops around the wire.

The direction of the magnetic field is taken to be the direction indicated as
“north” (N) by the compass needle, as in Fig. 5-1b. The relation of the magnetic field
direction to the current direction can be easily remembered by means of the right-hand
rule. With the thumb pointing in the direction of the current, as in Fig. 5-2, the
fingers of the right hand encircling the wire point in the direction of the magnetic field
or lines of magnetic flux. )
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Direction
" of field

[

0 A
FIGURE 5-1 Cﬁ i
. . . agneti
(a) Magnetic field around wire carrying W Ve fiele lines Compass
a current. (b) Cross section perpen- re needles
dicular to the wire. The current is flow- b
ing out of the page. (a) (b)

5-2 EFFECT OF A MAGNET ON A
CURRENT-CARRYING WIRE

Consider the uniform magnetic field between the poles of a permanent magnet as in
Fig. 5-3.f A compass needle may be used to explore this field as suggested. If a
straight conductor with current I is placed in the field, it will be acted on by a force

F=BIL or F=LIB (N) )

where L = length of conductor in magnetic field, m
I = current in conductor, A
B = factor involving the magnetic field

~Field or
fiux line

FIGURE 5-2

Right-hand rule relating direction of
field or flux lines (fingers) to direction of
current 7 (thumb).

1 Due to fringing effects the field will not be uniform at the edges. However, if the
pole cross section is large compared to the gap spacing, the effects will be small.
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Pole faces
FIGURE 5-3 :
Linear conductor of length L and current .
I'in uniform magnetic field between pole e ;
pieces of a magnet. There is a force on > e S
. Permanent magnet,

the conductor normal to the page

(inward). : %% :

In Fig. 5-3, the force is in a direction perpendicular to the page (inward). From (1)

F force

= —— NA!'m™! T 2
IL current moment ( m™" or T) ' 2

Thus, B can be described as a force per current moment. However, as will be discussed
later, it is customary to call it the magnetic flux density. The unit is the weber per
square meter (Wb m™2), or tesla (T) (1 Wbm™2=1T).

In Fig. 5-3, I, B, and F are mutually perpendicular. If I is not perpendicular to
B, we find that F is a function of ¢ (see Fig. 5-4). In general, for any elemental current
element

dF = Bl di sin ¢ €]

This equation and F = BIL are the basic motor equations.

FIGURE 5-4
The force on a current element is normal

to the plane containing the element and \Current
B. element
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5-3 THE MAGNETIC FIELD OF A CURRENT-CARRYING
ELEMENT; THE BIOT-SAVART LAW

Let the aligning forque on an arbitrarily small perfectly mounted magnetic needle be

used to measure the field B produced by an incremental current-carrying element of -

length A/, as in Fig. 5-5. From these measurements we find (for r > Al) that the
incremental B is a function of I, Al, r, and 0, as given by

IAsi
AB=k —rsz'—ne )

where k is a constant of proportionality given by
k=Lt @)

where u is the permeability of the medium. By dimensional analysis of (1) we find
that u has the dimensions of flux per current divided by length. It will be shown in
Sec. 5-12 that inductance has the dimensions of flux per current. Therefore per-
meability has the dimensions of inductance divided by length. The SI unit for

Magnetic needle
(+ topage)

///
-~ .
Needle pivot

axis

FIGURE 5-5 .

Arrangement for measuring B produced by short current-carrying element Alas
a function of radius r, angle 8, current I, and length Al. B is determined by
measuring the aligning torque on an arbitrarily small magnetic needle (normal
topage)at P. The wires supplying current to the element Alare always arranged
so that they are radial with respect to P, and thus they do not affect B at P.

Y
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FIGURE 5-6

Construction for calculating flux density
Bata point P due to a current I'in a long
conductor.

permeability is the henry per meter.f The permeability of vacuum is
Ho=4n x 107" Hm™! =400r nHm™!

Introducing (2) in (1) and writing infinitesimals instead of incrementals, we obtain the
more fundamental relation

Idlsin 6
dp=L L7 3)

4 r

The direction of dB is normal to the page (inward at P).

In case we wish to know B at a point P, as in Fig. 5-6, due to a current [ in a
long, straight or curved conductor contained in the plane of the page, we assume that
the conductor is made up of elements or segments of infinitesimal length d/ connected
in series. The total flux density B at the point P is then the sum of the contributions
from all these elements and is expressed by the integral of (3). Thus

ul sin@ .
B="— dl 4
4n) r? @
+ Recall that permittivity ¢ has the di ions of capaci per length and is ex-
pressed in farads per meter. Note that
hmeo _ 1 _ ,
pol/dm  poco

where c is the velocity of light or radio waves equal to 300 Mm s—*.
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where B = flux densityat P, NA ™ 'm~lor T
= permeability of medium, H m™!
I = current in conductor, A
dl = length of current element, m “ﬂ::y
r = distance from element to P, m ‘
6 = angle measured clockwise from positive direction of current along d/ to
direction of radius vector r extending from d/ to P
The integration is carried out over the length of the conductor. Equations (3) and (4)
are statements of the Biot-Savart law.

<

5-4 THE MAGNETIC FIELD OF AN
INFINITE LINEAR CONDUCTOR \/t S

The magnetic field or flux density B at a radius R from a thin linear conductor of
infinite length with a current 7 can be obtained from (5-3-4).

The geometry is shown in Fig. 5-7. With the current 7 as indicated, B at the
right of the wire is into the page. This is according to the right-hand rule. Since
dl sin 8 =r df and R = r sin 0, (5-3-4) in this case beg:omes

ul =1 ul ~ .
B=—| -do=— do
4ndy r 4nR fo sin 6
where the integration is between the angles § = 0 and 8 = =, that is, over the entire
length of an infinite wire. Integrating gives

ul wl
B=""[—cosf]f = —2
amR L0080k 4R

B(inward)

™~ Infinite linear
FIGURE 5-7 | conductor
Construction for finding flux density B )

near a long straight wire. :
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or B=;— )

where B = flux density, NA™*m'or T
it = permeability of medium, H m~
I = current in conductor, A
R = radial distance, m

1

'5-5 THE FORCE BETWEEN TWO PARALLEL LINEAR
CONDUCTORS; DEFINITION OF THE AMPERE

Consider a length / of two long parallel linear conductors in air spaced a distance R
as in Fig. 5-8. Assume that conductor 1 carries a current J and conductor 2 a current
I' in the opposite direction. The flux lines due to conductor 1 are into the page at
conductor 2. It follows that there is a force to the right on conductor 2 and a force
to the left on conductor 1. That is, the conductors are repelled. If the currents
were in the same direction, the forces would be reversed and the conductors would be
attracted.
The magnitude F of the force on a length / of conductor 2 is

]
F=IB f dl=TI'BI )
(1]
' )
1 [}
]
1 I
{
— B
F F
R
I 1 74
FIGURE 5-8 1 2

Force between two long parallel conduc-
tors in air.
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where I’ = current in conductor 2
B = flux density at conductor 2 produced by current I in conductor 1
Introducing the value of B from (5-4-1) gives
_ poll’
" 2nR

F /) )
where F = force on length / of conductor 2, N
I = current in conductor 1, A

I’ = current in conductor 2, A

R = separation of conductors, m

Ho = permeability of vacuum or air = 400r nH m ™!
Since (2) is symmetrical in I and I’, the force on a length / of conductor 1 is of the
same magnitude as the force F on conductor 2.

Dividing (2) by / yields the force per unit length on either conductor as

F poll
—= 3
I 2nR 3
If I’ = 1, and introducing the value for u,,
1%
F=2x10"" 3 N) 4)

Ifl=R=1mand F=2 x 107" N, then/=1A. This measurement is used to define
the ampere in the SI system (see Sec. 1-3).

5-6 THE MAGNETIC FIELD OF A
CURRENT-CARRYING LOOP

Let the loop be in the xy plane with its center at the origin, as in Fig. 5-9, so that the z
axis coincides with the loop axis. The loop has a radius R and current 7. At the
point P on the loop axis the contribution dB produced by an element of length df of
the loop is, from (5-3-3),

I dl sin 0
=”———'2— 1§y

‘B
a 4nr-:

where 0 is the angle between dl and the radius vector of length r. It is assumed that -
the loop is in a medium of uniform permeability . The direction of dB is normal to
the radius vector of length r, that is, at an angle & with respect to the loop or z axis.
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Loop axis —] 2

di’
Y
Loop with
current 7
?
FIGURE 5-9 %
Construction for finding flux density B
on axis of current loop. $=0
The component dB, in the direction of the z axis is given by
R
dB, =dBcos ¢ =dB - )]

From Fig. 5-9 we note that 8 =90°, d/ = Rd¢, and r = \/ R? 4+ 22, Introducing
these values into (1) and substituting this value for dB in (2), we have
ulR?

=—————d

dn(R? + 2232 ¢ ®
The total flux density B, in the z direction is then the integral of (3) around the entire
loop. The element dl also produces a component of dB,, normal to the axis of the
loop. Integrating this component for all elements around the loop yields zero because
of symmetry. Hence, B, equals the total flux density B at the point P as given by

dB,

uIR? 2 uIR?
B=B=—""__ | dp=—-n——
* = 4n(R® + 22)°1 fo ¢ 2R? + 222 4
At the center of the loop, z = 0, and
wl
B=—
2R &)

where B = flux density at center of loop, NA“!m™'or T
u = permeability of medium, H m™*
I = current in loop, A
R = radius of loop, m
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Normal to 4
_’r\‘;
|

area A .
Magnetic
; field or

flux lines

FIGURE 5-10
Flux lines and area A.

5-7 MAGNETIC FLUX y,, AND MAGNETIC FLUX DENSITY B

The magnetic field quantity B introduced above as a force per current moment can
also be regarded as a magnetic flux density, and this term is in more common use. Thus,
we describe B as the magnetic flux per unit area or

_Ym
4

B 1
In (1) it is assumed that the magnetic field lines are perpendicular to A. More
generally we have (see Fig. 5-10)

V.= BAcosa (03]

where y,, = magnetic flux through area A
B = magnitude of magnetic flux density B
a = angle between normal to area A4 and direction of B
Dimensionally
' force

Y,=—————Xxarea
current moment

or in dimensional symbols

MLL* ML?

T? IL  IT?
The SI unit of magnetic flux y,, is the weber (Wb). The unit of magnetic flux density
B is the weber per square meter (Wb m™~?2) or tesla (T) (dimensional symbols M/IT?).

If B is not uniform over an area, the simple product (2) must be replaced by a
surface integral, so that, in general, we have

l/l,,,=j B cos o ds 3)
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where ds = element of surface area
B = magnitude of B
o = angle between normal to ds and direction of B
Equation (3) can also be written as a scalar or dot product. Thus,

|/1,,,=HB-ds @)

where ¥, = magnetic flux, Wb
B = magnetic flux density, Wom~2or Tor NA ™ !m™!
ds = vector with direction normal to surface element ds and magnitude equal
to area of ds, m?

5-8 MAGNETIC FLUX OVER A CLOSED SURFACE -

The flux tubes of a static electric field originate and end on electric charges. On the
other hand, tubes of magnetic flux are continuous; i.e., they have no sources or
sinks. This is a fundamental difference between static electric and magnetic fields.
To describe this continuous nature of magnetic flux tubes it is said that the flux
density B is solenoidal. Since it is continuous, as many magnetic flux tubes must
enter a volume as leave it. Hence, when (5-7-4) is carried out over a closed surface,
the result must be zero, or

§ln-ds=o )t

This relation may be regarded as Gauss’ law applied to magnetic fields [compare with
(2-17-6) for electric fields).
It follows that the divergence of B equals zero. That is,

V-B=0 )

Both (1) and (2) are expressions of the continuous nature of B, (1) being the
relation for a finite vQlume and (2) the relation at a point. Equation (2) is one of
Maxwell’s equations (in differential form). The same equation in integral form is
given by (1).

t The symbol §, indicates an integral over a closed surface.
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59 MAGNETIC FIELD RELATIONS IN VECTOR NOTATION

A linear current-carrying conductor placed in a uniform mégnetic field experiences a
force F on a length L of conductor that is given, from (5-2-3), by

L
F=1IBsin¢ fo dl = IBL sin ¢ (1)

where F = force, N

I = current in conductor, A

B = flux density of field, T

L = length of conductor, m

¢ = angle between I and B
Equation (1) is a scalar equation and relates only the magnitudes of the quantities
involved. The force F is perpendicular to both I and B. For example, let the
conductor be normal to a uniform magnetic field of flux density B as in Fig. 5-11a.
If the current in the conductor is flowing out of the page, it produces flux lines, as
indicated, so that the flux density is increased below the wire and weakened above.
The resulting force is therefore upward, as suggested in Fig. 5-115.

R
Sonduetor ~L B
| (e
\ N
\/

Mt

(a)

—

(d)

FIGURE 5-11
Force F on current-carrying conductor
in uniform magnetic field.
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F
B 4 ¥
1
(1 (a)
FIGURE 5-12

Relation between current direction 1, field direction B, and force F.

Relating the directions to the coordinate axes as in Fig. 5-12a, we have F in the
positive z direction when 1 is in the positive x direction and B in the positive y direction.
If the direction of I is not perpendicular to the direction of B but is as shown in Fig.
$-12b, the force F is still in the positive z direction with a magnitude given by (1),
where ¢ equals the angle measured from the positive direction of I to the positive
direction of B (counterclockwise in Fig. 5-12b). With ¢ measured in this way, the
force F is in the positive z direction if sin ¢ is positive.

A more concise method of expressing the relation is by means of the vector, or
cross product. ’

The cross product of two vectors is defined as a’third vector whose magnitude
is equal to the product of the vector magnitudes and the sine of the angle between them.
The direction of the third vector is perpendicular to the plane of the two vectors and in
such a sense that the three vectors form a right-handed set.

Using the vector product, we can state the relation as

F=(xB)L 2)

For an elemental length of conductor this becomest

iF = (I x By dl @

where dF = vector indicating magnitude and direction of force on element of con-
ductor, N
I = vector indicating magnitude and direction of current in conductor, A
dl = length of conductor, m
B = vector indicating magnitude and direction of the flux density, T

t For a volume distribution of current we have
dF = (J X B) dv 3)
where dF is the force on the volume element dv at which the current density is J.
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FIGURE 5-13
Relation for finding B at a point P due
to a'current I in a conductor ofanyshape.

Equation (4) combines in one expression the relations between both the magnitudes
and the directions of the quantities involved, whereas (1) related only the magnitudes.

Equation (5-3-4) gives the magnitude of B at a point as produced by a current /
in a straight or curved conductor contained in a single plane. A more general relation
applying to a conducting wire of any shape, as in Fig. 5-13, can be stated with the aid
of the vector product:

_p ocIx?
-t [ 0

where B = flux density at P, T
u = permeability of medium, H m™
I = current in conductor (vector pointing in positive direction of current at
element di), A
£ = unit vector pointing from element d/ to point P, dimensionless .
r = distance from dl to P, m
dl = infinitesimal element of length of conductor, m
The integration in (5) is carried out over the length of conductor under consideration.
If the current is distributed throughout a volume, the flux density B is given by

IyTTh

where J is the current density in a volume element dt} at a distance r.. Equations (4),
(5), and (6) are basic magnetic field relations. :

1




!
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FIGURE 5-14

Rectangular loop in field of uniform flux density B.

5-10 TORQUE ON A LOOP; MAGNETIC MOMENT

When a current loop is placed parallel to a magnetic field, forces act on the loop that
tend to rotate it. The tangential force times the radial distance at which it acts
is called the forque, or mechanical moment, on the loop. Torque (or mechanical

- moment) has the dimensions of force times distance and is expressed in newton-meters

(N m).

Consider the rectangular loop shown in Fig. 5-14a with sides of length / and d
situated in a magnetic field of uniform flux density B. The loop has a steady current I. .
According to (5-9-4), the force on any element of the loop is

dF =(I x B)dl 1)
If the plane of the loop is at an angle 8 with respect to B, as indicated in the cross-
sectional view of Fig. 5-14b, the tangential force is
i
F,= |F| cosﬁ=13cosﬁf dl = IBl cos § )
0
The total torque on the loop is then

d
T=2F, 3= IBld cos B 3

But /d equals the area A of the loop; so
T=1I4Bcos B )]

According to (4), the torque is proportional to the current in the loop, to its area, and
to the flux density of the field in which the loop is situated.

The product 74 in (4) has the dimensions of current times area and is the
magnetic moment of the loop. Its dimensional symbols are IL?, and it is expressed in
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amperes times square meters (A m?). Let us designate magnetic moment by the
letter m. Thent m = IA, and T= mB cos f, or

T=mBsiny &)

where 7y is the angle between the normal to the plane of the loop and the direction of B
(see Fig. 5-14b). If the loop has N turns, the magnetic moment m = NIA.

If the magnetic moment is regarded as a vector m with direction fi normal to the
plane of the loop and with its positive sense determined by the right-hand rule (fingers
in direction of current, thumb in direction of fi), the torque relation of (5) can be
expressed in a more general form using the vector product. Thus

T=mxB (6)

where T = torque on loop, N m
m = fim = AJ4 = magnetic moment of loop, A m?
B = flux density of field in which loop is stituated, T
The torque T is considered to be a vector coinciding with the axis of rotation of
the loop as given by m x B. The direction of the torque on the loop is obtained by
turning m into B.

5-11 THE SOLENOID

A helical coil, or solenoid, is often used to produce a magnetic field. Let us calculate
the flux density for such a coil.

Let the coil consist of N turns of thin wire carrying a current /. The coil has a
length ! and radius R (Fig. 5-15a@). The spacing between turns is small compared
with the radius R of the coil. A cross section through the solenoid is shown in
Fig. 5-15b. If the spacing between turns is sufficiently small, or if the wire is replaced
by a thin conducting strip of width //N and with negligible spacing between turns as
in Fig. 5-15¢, one may consider that the current in the coil produces a current sheet
with a linear current density K = NI/l (A m~!). This is equivalent to a single turn of
a conducting sheet, as in Fig. 5-15d, with total current NI(=KI).

To find the flux density B at the center of the solenoid, let a section of the coil of
length dx, as in Fig. 5-15¢, be regarded as a single-turn loop with a current equal to

1
de=Nde )

t Although the loop in Fig. 5-14 has a rectangular area, the relation m = I4 applies
regardless of the shape of the loop area.
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From (5-6-4) the flux density dB at the center of the solenoid due to this loop of length
dx at a distance x from the center is

uNIR?

B —
B = w7

03]

The total flux density B at the center of this coil is then equal to this expression integrat-
ed over the length of the coil. That is,

2 412
b= #A;IIR J 12 (R? j );2)3/2 @
Performing the integration gives
= __’f]_v_l_ @
JaR i P
If the length of the solenoid is much greater than its radius (/ > R), (4) reduces to
B=@£=pK and NTI=K : 4)

where B = flux density, T
u = permeability of medium, H m
N = number of turns on solenoid, dimensionless
I = current through solenoid, A
I= length of solenoid, m
= sheet current density, A m
Equatlons (4) and (5) give the flux density at the center of the solenoid. By
changing the limits of integration in (3) to 0 and / we obtain the flux density at one end
of the coil (on the axis) as

-1

-1

NI
2 /R*+1
For I > R this reduces to
uNI ‘
= —_—= K
B o 3u G

which is one-half the value at the center of the coil as given by (5).

Let us now calculate the maximum torque tending to rotate a solenoid placed in a
magnetic field of uniform flux density. The torque is maximum when the solenoid
axis is normal to the direction of B, as in Fig. 5-16. The axis of rotation is at the



158 ELECTROMAGNETICS [cHAP. 5

= T

Solenoid and magnetic flux lines.

center of the solenoid. Assuming that the solenoid is of square cross section, the
tangential force F, on a single straight segment of 1 turn is given by

F,=1IBdcos g ®)

The net torque due to 2 turns, one at a distance x above the center of the solenoid and
another at an equal distance below, is then T = 4IBrd cos . But cos f = d/2r; so

T=2Id*B = 2IAB ©9)

where A = 4 is the area of the solenoid. This torque is independent of the distance
of the turns from the center of the solenoid. Hence, the total torque on the solenoid
is equal to Eq. (9) times N/2, where N is the number of turns. This is the maximum
~ torque T,,. Thatis,

T, = NIAB=m'B (10)

where m’ = NIA is the magnetic moment of the solenoid.

5-12 INDUCTORS AND INDUCTANCE

An inductort is a device for storing energy in a magnetic field. It may be regarded
as the magnetic counterpart of a capacitor, which stores energy in an electric field.
As examples, loops, coils, and solenoids are inductors.

The magnetic lines produced by a current in a solenoidal coil form closed loops,
as suggested in Fig. 5-17. Each line that passes through the entire solenoid as in the
figure links the current N times. If all the lines link all the turns, the total magnetic

t An inductor is sometimes called an inductance. However, it is usual practice to
refer to a coil or solenoid as an inductor. This makes for uniform usage when we
speak, for example, of an inductor of 1 H inductance, a capacitor of 1 uF capacitance,
or a resistor of 1 Q) resist
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flux linkage A (capital lambda) of the coil is equal to the total magnetic flux y,, through
the coil times the number of turns, or

Flux linkage = A = Ny, (Wb turns)

By definition the inductance L is the ratio of the total magnetlc flux linkage to the
current I through the inductor, or

L= (1)

N‘/Im
1

~| >

This definition is satisfactory for a medium with a constant permeability, such
as air. As discussed in Chap. 6, however, the permeability of ferrous media is not
constant, and in this case the inductance is defined as the ratio of the infinitesimal change
in flux linkage to the infinitesimal change in current producing it, or

dA
L= T 2

Inductance has the dimensions of magnetic flux (linkage) divided by current. The
unit of inductance is the henry (H). Thus,

The dimensional symbols for inductance are ML*/I*T?.

5-13 INDUCTANCE OF SIMPLE GEOMETRIES

The inductance of many inductors can be readily calculated from their geometry.
As examples, expressions for the inductance of a long solenoid, a toroid, a coaxial line,
and a two-wire line will be derived in this section.

In Sec. 5-11 it was shown that the flux density B at the end of a long solenoid is
less than at the center. This is caused by flux leakage near the ends of the solenoid.
However, this leakage is mostly confined to a short distance at the ends of the solenoid,
so that if the solenoid is very long, one may, to a good approximation, take B constant
over the entire interior of the solenoid and equal to its value at the center (5-11-5).
The total flux linkage of a long solenoid is then

! N2
' A=Ny,=NBA="E IIA M)
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Thus, the inductance of a long solenoid (see Fig. 5-17) is

L=

A uN4
1= 2

1

where L = inductance of solenoid, H
A = flux linkage, Wb turns
I = current through solenoid, A
u = permeability of medium, H m~
N = number of turns on solenoid, dimensionless
A = cross-sectional area of solenoid, m?
I = length of solenoid, m

1

EXAMPLE Calculate the inductance of a solenoid of 2,000 turns wound uniformly over a
length of 500 mm on a cylindrical paper tube 40 mm in diameter. The medium is air (u=po).

soLUTION From (2) the inductance of the solenoid is

47 X 1077 X 4 X 10* x w X 4 x 10~*
- 0.5
If a long solenoid is bent into a circle and closed on itself, a toroidal coil, or

toroid, is obtained. When the toroid has a uniform winding of many turns, the
‘ magnetic lines of flux are almost entirely confined to the interior of the winding, B
being substantially zero outside. If the ratio R/r (see Fig. 5-18) is large, one may
calculate B as though the toroid were straightened out into a solenoid. Thus, the
flux linkage is

L

=12.6 mH

uNI uN2Inr:  uN?r?
A=Ny, =NBAd= NEZ pp2 B0 RV T
Ym 2R 27R 2R

3

FIGURE 5-18
Toroid.
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The inductance of the toroid is then

L=

A N2p2
= £ @

2R
where L = inductance of toroid, H
1 = permeability (uniform and constant) of medium inside coil, H m~*
N = number of turns of toroid, dimensionless
r = radius of coil (see Fig. 5-18), m
R = radius of toroid, m
Consider next a coaxial transmission line constructed of conducting cylinders of
radius a and b, as in Fig. 5-19. The current on the inner conductor is /. The return
current on the outer conductor is of the same magnitude. The flux density B at any
radius r is the same as at this radius from a long straight conductor with the same
current, or

1
B(atr) = 2%; )

The total flux linkage for a length d of line is then d times the integral of (5) from the
inner to the outer conductor, or

dul ®dr dul b
A-dfBar= [T = O
Hence, the inductance of a length d of the coaxial line is
A ud, 6 b

—>=Pn> @ Q)

L b i
5= 27: In~  (Hm™) 8)
Longitudinal section inner Cross

conductor

section

AR Ryt 41

Outer
conductor

FIGURE 5-19
Coaxial transmission line.
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FIGURE 5-20

Two-wire transmission line.

where p = permeability (uniform and constant) of medium inside coaxial line, H m™!

b = inside radius of outer conductor
a = outside radius of inner conductor (in same units as b)
It is assumed that the currents are confined to the radii @ and 5. This is effectively
the case when the walls of the conductors are thin.
Evaluating (8) for an air-filled line (u = y,), we have

L b
—=02In-=046 logl—’ (utHm™Y) 9
d a a :

Let us consider finally a two-wire transmission line as illustrated in Fig. 5-20.
The conductor radius is @, and the spacing between centers is D. At any radius r from
one of the conductors the flux density B due to that conductor is given by (5). The
total flux linkage due to both conductors for a length d of line is then d times twice the
integral of (5) from a to D, or

D D
uld (Pdr pld_ D
A=2d| Bdr=— | —=—1In— 10
f., r i1 J-a r n n a (10)
Hence, the inductance of a length d of the two-conductor line is
A ud D
L el —
I T n a an

(Hm™") (12)

where 1 = permeability (uniform and constant) of medium, Hm™*

D = spacing between centers of conductors
a = radius of conductors (in same units as D)
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It is assumed that the current is confined to a radius @. This is effectively the case
when the walls of the conductors are thin.
Evaluating (12) for a medium of air (u = p,), we have

.l

D
=0.4In—=092log— (@Hm™?') (1)

alb

5-14 AMPERE’S LAW AND H
According to (5-4-1), the flux density B at a distance R from a long straight conductor
(Fig. 5-21) is given by

B=—— M

where u = permeability of medium, H m™!
I = current in wire, A

If B is now integrated around a path of radius R enclosing the wire once, we have
§B-d1 §d1_——2nR ul %))

or §B-d1=y1 3)

Relation (3) holds not only in the example considered but also in all cases where
the integration is over a singly closed path. Equation (3) may be made independent
of the medium by introducing the vector H defined as follows:

B
H=-— @)
u
I
FIGURE 5-21
Relation of flux density B to current /.
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According to (4), H and B are vectors having the same direction. This is true for all
isotropic media.
The quantity H is called the magnetic field H, the vector H, or simply H. It has
the dimensions of
Flux density _ current

Permeability ~ length

The dimensional symbols for H are I/L. 1n SI units H is expressed in

Webers/meter? amperes
Webers/ampere-meter  meter

Introducing (4) into (3) yields

55H-dl=1 ©)

where H = magnetic field, A m™?!
d1 = infinitesimal element of path length, m
I = current enclosed, A

This relation is known as Ampére’s law. In words it states that the line integral of H
around a single closed path is equal to the current enclosed.

In the case of a single wire the integration always yields the current 7 in the wire
regardless of the path of integration provided only that the wire is completely enclosed
by the path. As illustrations, integration around the two paths at (a) and (b) in
Fig. 5-22 yields I, while integration around the paths at (¢) and (d) yields zero since
these paths do not enclose the wire.

H
H
I
® ®
Wire
(a) (b)
H
FIGURE 5-22 H
Line integral of H around closed paths ® ®

equals current in wire when paths en- Wire
close the wire (a) and (b) but is zero when
the paths do not enclose the wire (c) and

). (¢) (d)



SEC. 5-14] THE STATIC MAGNETIC FIELD OF STEADY ELECTRIC CURRENTS 165

EXAMPLE 1 The magnitude of H at a radius of 1 m from a long linear conductor is
1 Am~*. Find the current in the wire.

SOLUTION According to (5), the current in the wire is given by

1= ffH-d1=H><2nR=21rA

EXAMPLE 2 A solid cylindrical conductor of radius R has a uniform current density.
Derive expressions for H both inside and outside the conductor. Plot the variation of H as a
function of radial distance from the center of the wire.

sOLUTION See Fig. 5-23a. Outside the wire (r > R)
H=— ©

Inside the wire the value of H at a radius r is determined solely by the current inside the radius
r. Thus, inside the wire (r < R)

H=£— )]

2nr

where I’ = I(r/R)? is the current inside radius r. Therefore, inside the wire

-1,
"~ 2#R?

®

At the surface of the wire r = R, and (8) equals (6). A graph of the variation of H with r
is presented in Fig. 5-235.

Wire

Current
out of page

(a)

(b)
FIGURE 5-23 H

H inside and outside current-carrying
wire (Example 2). r

5]
]
y
¥
|
|
_—_——— - I—————.—
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Path

FIGURE 5-24
Rectangular path in medium with
current density J. x

5-15 AMPERE’S LAW APPLIED TO A CONDUCTING
MEDIUM AND MAXWELL’S EQUATION

" Ampére’s law as discussed in the preceding section may be applied to the more general
situation of a path inside a conducting medium. Thus, suppose that the origin of the
coordinates in Fig. 5-24 is situated inside a conducting medium of large extent. Let
the current density in the medium be J (amperes per square meter) in the positive y
direction as shown. According to Ampére’s law, the line integral of H around the
rectangular path enclosing the area 4 (Fig. 5-24) is equal to the current enclosed. In
this case, the current I enclosed by the path is given by the integral of the normal com-
ponent of J over the surface A4, or

This expression is a generalization of Ampére’s law and constitutes one of Maxwell’s
equations in integral form.

5-16 MAGNETOSTATIC POTENTIAL U AND MMF F
The line integral of the static electric field E, around a closed path is zero.t That is,
55 E. -dl=0 4]

t The symbol E, indicates explicitly a static electric field as produced by electric
charges, as distinguished from an emf-generating field E,, as, for example, in a battery.
In Chaps. 2 and 3 only E, fields were considered, and so for simplicity no subscript
was used, it being understood in those chapters that E means E,.
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Fields of this type are called lamellar and can be derived from a related scalar potennal
function. Thus, E,, which is due to charges, is derivable as the negative gradient of a
scalar potential V, or

E ,=-VV @

Between any two points along a path in the field we have-
2
j E - d=V,—V, _ 3)
1

Although the static magnetic field is not lamellar (since magnetic flux lines form
closed loops), it can be treated like a lamellar field if paths of integration are entirely
outside current regions and do not enclose any current. - Thus, when no current is
enclosed,

§H-dl=o @

Under this condition, H can then be derived from a scalar magnetic potential function
(or magnetostatic potential) U. That is,t
H=-VU (5)

°

Between any two points along a path in the field we have
2
j H-dl=U, - U, (6)
1

The scalar potential U has the dimensions of

Current

. x distance = current
Distance

Hence, U is expressed in amperes.
Returning now to a further consideration of electric fields, we have learned in
Sec. 4-10 that if emfs exist in a path of integration,

fE-a1=U ' %)

where E = total field, V. m™*
U = total emf around path, V

+ Since V+ D=0 in charge-free regions, we obtain Laplace’s equation VZy=0.
Ina magnetnc field we always have V « B=0; so if no current is enclosed, we may
write Laplace’s equation in the magnetostatic potential as ViUu=0.
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In a magnetic field we may write an analogous relation, based on Ampére’s law,

that when current is enclosed by a path ‘of integration,
§H-dn=1=F (A) (8)

where the quantity F, called the magnetomotance or magnetomotive Jforce (mmf), is
€qual to the current enclosed. If the path of integration in (8) encloses a number of
turns of wire each with a current J in the same direction, (8) may be written

45 H-dl=NI=F (A turns) ©9)

where N = number of turns of wire enclosed, dimensionless
I = current in each turn, A

The product NI is expressed in ampere-turns, and the mmf in this case has the same
units.

The above relations for electric and magnetic fields are summarized in Table 5-1.

When the integration is restricted to current-free regions and to paths that are
not closed, the potential U and mmf F are the same. The requirement that the path
not link the current can be met by introducing a hypothetical barrier surface in the
magnetic field through which the path is not allowed to pass. For example, imagine

Table 5-1 COMPARISON OF ELECTRIC AND MAGNETIC FIELD RELATIONS

Relation Electrostatic fields Magnetostatic fields

Closed path f E.-dl=0 i H - dl = 0; no current enclosed (Fig. 5-25)

Gradient of scalar | E, = —VV Vm™) H= —VU (A m); in current-free region
potential

2
Integral between J' Ny f H-dl=U,—-U, (A); path avoids all
two points JErdl=Vi—V: V) 1 )

currents
Closed path § E-dl— ) _‘}; Hedl=I=F (A); path encloses current
(Fig. 5-26a)

or
§ H-dl=NI=F (A turns); path encloses
current N times (Fig. 5-265)
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(a)
Path of
integration
Wire
> 2o (5)
®q
Path of KWires
integration of loop
FIGURE 5-25 FIGURE 5-26

Path of integration enclosing no current (see (a) Path of integration enclosing current I.
Table 5-1). (b) Cross section through 5-turn loop showing

path linking the 5 turns (see Table 5-1).

that a long conductor normal to the page as in Fig. 5-27 carries a current /. Let a
barrier surface be constructed that extends from the wire an infinite distance to the
left, as suggested in the figure. Now the integral of H from points 1 to 2 yields the
current [ provided 2 and 1 are separated by an infinitesimal distance. Thus

J.ZH-dl=U,—U2=I (A) (10)
1,

The requirement of (4) is still satisfied since the line integral of H around the closed
path 1231 that avoids crossing the barrier is zero. That is,

H-d1=0 (11

1231

Toinfiniy_

Barrier
surface

FIGURE 5-27 ) .
Conductor and barrier surface. Path of integration
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N
~

Equi—
potentials

U=

~lw

1

FIGURE 5-28
Current-carrying wire showing magnetic equipotentials (radial)
and field lines (circles).

Both U and F are scalar functions. The potential U is independent of the path of
integration; that is, U is a single-valued function of position. This follows from the
fact that the path of integration never completely encloses the current and is restricted
to current-free regions. If a current-carrying wire is encircled more than once by the
path of integration (multiple linking), the result is called the mmf F. It is multiple-
valued since its magnitude depends on the number of times the path encircles the wire.
Hence F is not, in general, independent of the path of integration.

In Fig. 5-27 the barrier surface represents a magnetic equipotential plane. If
point 1 is taken arbitrarily as zero potential, then the potential of point 2 on the other
side of the barrier is I. Hence, we may construct two surfaces as in Fig. 5-28, one with
U = 0 and the other U =1. Other equipotential surfaces are also drawn in Fig. 5-28
for U=1I/4, U= 1/2, and U = 31/4. The equipotential surfaces are everywhere nor-
mal to H and extend from the surface of the wire to infinity. They do not extend into
the interior of the wire.

5-17 FIELD CELLS AND PERMEABILITY

Consider a transmission line of two flat parallel conducting strips as in Fig. 5-29a.
The strips have a width w and a separation /. Each strip carries a current I. The
transmission line is shown in cross section in Fig. 5-295. The field between the strips
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-

Transmission
line cell

FIGURE 5-29

Parallel-strip transmission line (a) in perspective and (b) in cross sec-
tion. () Magnetic field cell (or transmission-line cell) with strips of
width equal to spacing.

.

is uniform, except near the open sides. 1f equipotentials are drawn in the uniform
field region with a spacing equal to the separation / of the line, we may regard the line
as being composed of a number of field-cell transmission lines (or transmission-line
cells) arranged in parallel. Each transmission-line cell has a square cross section,
as in Fig. 5-29¢.

The current in each strip of a line cell is I’ = (//w)I where I is the current in the
entire line. Thus, across one cell HI = I’. Now the total flux linkage per length d
of line is given by A = Bld. The inductance of this length of line is then

Ly = T = Hi = ud )
or the inductance per unit length is
L, '
=2 2
7=k @
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For air g = py =400n nH m™", so that a field-cell transpission line with air as the

medium has an inductance per unit length of 400r nH m™?, or 1.26 yH m ™.
Thus, the permeability u of a medium may be interpreted as the inductance per
unit length of a transmission-line cell filled with this medium.

EXAMPLE Using the field-cell concept, calculate the inductance and also capacitance
per unit length of the coaxial transmission line shown in cross section in Fig. 5-30. The
line is air-filled.

soLUTION The inductance per unit length of the coaxial line is given by

L 1 Lo ’Lo
ol Y 4 Hm-!
d nd n (Hm™" &
where Lo/d = inductance per unit length of transmission-line cell
n = number of line cells in parallel

po = permeability of air =1.26 uH m~!
Dividing the space between the coaxial conductors into curvilinear squares, we obtain 9.15
line cells in parallel. Thus
L_126
d~ 9.15
As a check, we note that the radius of the outer conductor is twice the radius of the
inner so that from (5-13-9) ‘we get

=0.138 pH m~?

L_

Z=046l0g2=0.138 pH m~

which-is the same result as obtained above.

FIGURE 5-30
Coaxial transmission line divided into
9.15 field-cell lines in parallel.

Quter
conductor Field cell
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The capacitance per unit length of the coaxial line of Fig. 5-36 is given by -

C C
E:njd—ozneo (Fm—l) (4)
where Co/d = capacitance per unit length of line cell (same as capacitance per unit length
of field-cell capacitor; see Sec. 3-22)
n = number of line cells in parallel
€o = permittivity of air = 8.85 pF m~*

Thus §=9.15><8.85=81 pFm-!
Using the relation of (3-18-3),

C 242 4
d—l——ogz—Sl pFm

which is the same as obtained by the cell method.

5-13 ENERGY IN AN INDUCTOR

An inductor stores energy, as may be demonstrated with the aid of the circuit of Fig.
5-31.  With the switch s closed the lamp is lighted. When the switch is opened, the
lamp increases momentarily in brilliance because the magnetic energy stored in the
magnetic field of the inductance induces a current as the field collapses. The (mag-
netic) energy delivered to the lamp is

W,,,=J.Pdt=fVIdt ) (1)
From circuit theory the voltage across the inductor is given by ¥ = L dlldt; so

W, =L f Idl=3LI* () Q)

FIGURE 5-31
Circuit for demonstrating energy storage
in a magnetic field.
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Thus, the magnetic energy has the dimensions of inductance times current squared.
Since L = A/I, the energy stored can be variously expressed as

1A%
W, =3LI* =A== "— 3
w= 4L = JAT =5 3

where W,, = energy stored, J
L = inductance of inductor, H
I = current through inductor, A -
A = flux linkage, Wb turns

5-19 ENERGY DENSITY IN A STATIC MAGNETIC FIELD

The energy possessed by an inductor is stored in its magnetic field. Let us find the
density of this energy as a function of the flux density B. Consider a small unit cube
of side length A/ and volume Av = Al® situated in a magnetic field as in Fig. 5-32a.
Let thin metal sheets be placed on the top and bottom surfaces of the cube, each with
a current Al as indicated. Also let all the surrounding space be filled with such
cubes, as suggested by the cross section of Fig. 5-32b. The directions of the current
flow on the sheets are indicated by the circles with a dot (current out of page) and
circles with a cross (current into page).

Each cube can be regarded as a magnetic field-cell transmission line of length
(into page) of Al.  Each cell has an inductance AL = u Al. The field H is related to
the current AI by H Al = AI. The energy stored in each cell is, from (5-18-3),

AW, = IAL AI? )]
It follows that
AW, = }uH? AP = }uH? Av )

Dividing (1) by Av and taking the limit of the ratio AW, /Av as Av approaches zero,
we obtain the energy per volume, or energy density, w,, of the magnetic field at the
point around which the cell of volume Av shrinks to zero. Thus

w, = lim éAll = }uH? ¥}
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FIGURE 5-32
(@) Small cubical volume in a magnetic >B

field. (b) Cross section through region
filled with many such cubes.

5-20 MAGNETIC POLES

A bar magnet can be represented by two magnetic poles of pole strength Q,, separated
by a distance / resulting in a dipole moment Q,,/. Since the poles of a magnet cannot
be separated (see Chap. 6), an isolated magnetic pole is not physically -realizable.
This contrasts with electric charges (positive and negative), which can be separated.
Nevertheless, an isolated magnetic pole is a convenient fiction and will be utilized in
the next section to illustrate the concept of curl. We write for the force on the pole

F
F=BQ, or B=— M

where Q,, is the pole strength in ampere meters.

5-21 CURL

Equation (5-14-3) relates the line integral of B around a finite closed path, or loop, to
I, where I is the current enclosed by the loop. Let us regard the line integral of B
as the work per unit pole required to move an isolated magnetic pole around the
closed path.
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Although relations involving finite paths are useful in circuit theory, it is fre-
quently desirable in field theory to be able to relate quantities at a point in space. Curl
is such a point relation and can be regarded as an extension of Ampére’s law so that it
applies at a point.

Consider a small plane area As in a conducting medium with a current Al
flowing through the area and normal to it. The meaning of the curl of B may then
be expressed as follows: The magnitude of the curl of B is equal to the ratio of the work
per unit magnetic pole (carried around the boundary of the area) to the area As as As
approaches zero. Further, the curl of B is a vector with a direction normal to the
plane of the area. Thus, the magnitude of the curl of B is given by

im 3B i WAL (1)
1 = — =
as—o  As As—0 # As  H

where J = current density = AI/As as As -0

AI = current through area As
The direction of the curl of B is normal to the area As.

Equation (1) gives the total curl of B if J is normal to the plane of the loop. If
J is not normal to the plane of the loop, (1) gives only one component of the total curl
expression, which will be developed in the following paragraphs.

Suppose that the rectangular coordinate system shown in Fig. 5-33 is situated
inside a conducting medium of large extent. Let the current density in the medium
be J and the component of the current density in the x directionJ,. The total current
Al through the small area Ay Az (Fig. 5-33) is then

J Ay Az = Al V)

This current produces a magnetic field. Let the flux density along edge 1 of the area
at the y axis be B, and the flux density along edge 4 at the z axis be B,. If the field is
not uniform, its value at edges 2 and 3 may be expressed to a first approximation (see
Fig. 5-33) by

0B, OB
% Ay and B + —z” Az 3)

B
: + 2

Consider now the work performed per unit magnetic pole carried around the
periphery of the area. The total work is equal to the sum of the increments of work
along each of the four edges. Each increment of work equals the force per unit pole
{B) multiplied by the distance the unit pole moves. The total work will be calculated
per unit magnetic pole moved around the path in a counterclockwise direction, as
shown in Fig. 5-33. This is the positive direction around the path since a right-
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FIGURE 5-33
Construction for finding x component of
curl of B.

handed screw rotated in this direction will advance in the positive x direction. The
work to move the unit pole along edge 1 is B, Ay and along edge 2 is

o8,
(’ dy )Az

0B,
B, 2 Az
( T )
the minus sign indicating that the motion is against the field. The work along edge

4is —B, Az. The total work equals the sum of these four increments, and this is
equal to u times the total current through the area as given by (2). Thus,

The work along edge 3 is

$B-d1=
B
- B,A —a—z”AyAz—B,Az=uJ,,AyAz 4)
from which
0B, 0B,
B-dl Ay Az =uJ, Ay A
fd(ay az)yzu y Az €Y

Dividing by the area Ay Az and taking the limit of the ratio

Work done around periphery of area
Area
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as the area approaches zero, we obtain by definition the curl of B. In this instance it
is the x component of the curl of B, written curl, B. Therefore, we have
. $B-dl 0B, 0B

Ay;?io AyAz 9y 0z Hx = Cull (6)

Equation (6) is the complete differential expression for curl B if the current flows
only in the x direction. However, if the current also has components flowing in the
y and z directions, curl B also has components inthese directions. Derivingtheminan
identical manner to that above and adding them vectorially, we obtain the complete
expression for the curl

curl B = ﬂ(@—’ - @) + ?(a—,& - 6B,) + 2(?—5 — -6—1—31‘) @)
dy oz 0z 0x ox dy
This is equal to the vector sum of the current-density components, or
curl B = u(&J, + $J, + 2J,) = uJ ®)
Dividing by u, we have
curl H=1J O

Curl H is conveniently expressed in vector notation as the cross product of the operator
del (V) and H, that is,

0 0
V=g ’a— +9¢ (3_ + 263
x y z (10)
H=%H +$§H, +2H,
which yields
0H, ©6H 0H, 0oH 0H, 0H
e ) -
% (6y 0z +9 0z ox + J0x Jy
=%J,+§J,+2J, =3 an
or VxH=J (12)
V x H can also be conveniently expressed in determinant form as
X § 2
8 4 @
VxH=|— -— -—
X ox dy 0z a3

H, H, H,
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FIGURE 5-34

Water trough for Example 1.

/

The curl of a quantity is a point function. Therefore, according to (12),
V x H has a nonzero value only at points where the current density J is not zero. At
a point inside a wire carrying a steady current, V x H equals the current density J at -
the point, but at a point outside the wire V x H = 0.

EXAMPLE 1 Arectangular trough carries water in the x direction. A section of the trough
is shown in Fig. 5-34a, the vertical direction coinciding with the z axis. The width of the
trough is 5. Find the curl of the velocity v of the water for two assumed conditions. (@) The
velocity is everywhere uniform and equal to a constant, i.c.,

v=%K (14)
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where & = unit vector in positive x direction, dimensionless

K = a constant, m s~ 1
A top view of the trough is shown in Fig. 5-34b with the positive x direction downward.
The fact that the velocity v is constant is suggested by the arrows of uniform length and also
by the graph of v, as a function of y in Fig. 5-34c.

(b) The velocity varies from zero at the edges of the trough to a maximum at the center,
the quantitative variation being given by

v=iKsin%v . 15)

where K = a constant, m s~*

b = width of trough, m
The sinusoidal variation of v is suggested by the arrows in the top view of the trough in Fig.
5-34¢ and also by the graph of v, as a function of y in Fig. 5-34f.

SOLUTION (@) Equation (14) can be reexpressed
v= %o, (16

where v, is the component of velocity in x direction. Thus vx= K. The curl of v has two
terms involving v, , namely, 8v,/8z and @v./dy. Since v, is a constant, both terms are zero
and hence V X v = 0 everywhere in the trough (see Fig. 5-34d).

(b) Equation (15) can be reexpressed v=%v,. Thus

pe= Ksin %y an

Since v, is not a function of z, the derivative v./dz = 0. However, v, is a function of y so that

vy Km Ty

. =3 cos 5 (18)
and we have for the curl of v
. _ K wy
va——ib cosb 19

where 2 is the unit vector in the positive z direction; i.e., at the left of the center of the trough
the curl of v is in the negative z direction (downward in Fig. 5-34a), while to the right of the
center it is in the positive z direction. - The variation of the curl of v across the trough is
presented graphically in Fig. 5-34g.

A physical interpretation of the curl of v in the above example can be obtained
with the aid of the curl-meter, or paddle-wheel, devicet of Fig. 5-35. If this device
is inserted with its shaft vertical into the trough with the assumed sinusoidal variation

+ H. H. Skilling, * Fundamentals of Electric Waves,” 2d ed., p. 24, John Wiley &
Sons, Inc., New York, 1948.
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FIGURE 5-35
Paddle wheel for measuring curl.

for the velocity of the water [part (b) of Example 1], it spins clockwise when it is at the
left of the center of the trough (position 1 in Fig. 5-34¢) and counterclockwise when it is
at the right of the center of the trough (position 2 in Fig. 5-34e), corresponding to
negative and positive values of curl. At the center of the trough (position 3 in Fig.
5-34¢) the curl meter does not rotate since the forces on the paddles are balanced.
This corresponds to the curl of v being zero. The rate of rotation of the paddle-
wheel shaft is proportional to the curl of v at the point where it is inserted. Thus, it
rotates fastest near the edges of the trough. At any point the rate of rotation is also
a maximum with the shaft vertical (rather than inclined to the vertical), indicating that
V x v is in the z direction. It is assumed that the paddle wheel is small enough to
avoid affecting the flow appreciably and to indicate closely the conditions at a point.

If the curl meter with shaft vertical is inserted in water with uniform velocity, as
assumed in part (a) of Example 1, it will not rotate (curl v equals zero).

EXAMPLE 2 Consider a current-carrying conductor of radius R as shown in cross section
in Fig. 5-36a. The current is uniformly distributed so that the current density J is a constant.
Taking the axis of the wire in the z direction,
J——iJ—iL (Am-3?) (20)
T T % aR '
where I is the total current in the conductor in amperes. Find the curl of H both inside and
outside the wire.

soLUTION The variation of H as a function of radius was worked out for this case in
Example 2 of Sec. 5-14. The variation found for H is shown in the graph of Fig. 5-36b.
Since H is entirely in the @ direction, we have

H=06H, ' (¢03))
L outside conductor
27r
where Hp =
1

—r inside conductor
27 R?

N
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VxH
FIGURE 5-36 0
Conducting wire (Example 2). 0 r=R 7 —
Using the expression for curl in cylindrical coordinates (see inside back cover), we have
VxH=0 outside conductor 22
I o
VxH=1% R J inside conductor 23)

Hence, the curl of H has a value only where there is current, being a constant in the conductor
and zero outside (see Fig. 5-36¢).

522 MAXWELL’S FIRST CURL EQUATION
The relation derived from Ampére’s law in Sec. 5-21 that
VxH=1J ‘ )t

is one of Maxwell’s equations. Equation (1) is a differential expression and relates
the field H to the current density J af a point. The corresponding expression in
integral form, as given by (5-15-1), relates H around a finite closed path to the total
current passing through the area enclosed.

+ Equation (1) is a special form of the more general relation given in (8-14-4). The
more general equation has an additional term involving the displacement current
density. However, a displacement current is present only for time-changing ficlds
so that for steady fields, as considered here, (8-14-4) reduces to (1).
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Thus far, we have encountered three of Maxwell’s four equations applying at a
point. They are V:D=p, V-B=0, and (1). The fourth relation, (8-8-2), is
also an equation involving curl, so that (1) may be referred to as Maxwell’s first curl
equation and (8-8-2) as the second.

5-23 SUMMARY OF OPERATIONS INVOLVING V

We have discussed four operations involving the operator V (del), namely, the gradient,
divergence, laplacian, and curl. Although the laplacian can be resolved into the
divergence of the gradient (V2f =V - Vf), this operation is of such importance as to
warrant listing it separately. These operators with their differential equivalents in
rectangular coordinates are listed below with f representing a scalar function and F
a vector function.

)
Gradient: gradf=Vf=18 if + 9 s + gf '§))
Gradient operates on a scalar function to yield a vector function.
F, OF, aF
Divergence: divF=V-F= (—36— + = 2 a; (2)»
Divergence operates on a vector function to yield a scalar function.
2 62 2
Laplacian: div(grad f) = V - (Vf) = V3f = f P y{ + :zf €))
The laplacian operates on a scalar function to yield another scalar function.t
oF, OF, oF, OF oF, OF,

Curl: 1F = F=% =) +2

ur cur| V x (6y az) + y( 2 6x) + (ax 6y) 4)

Curl operates on a vector function to yield another vector function.

+ In rectangular coordinates it is also possible to interpret the laplacian of a vector
function as the vector sum of the laplacians of the three scalar components of the
vector. Thus

V?2F = XV?2F, + §V?F, + 2V2F,

However, in no other coordinate system is this simple interpretation possible.
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5-24 A COMPARISON OF DIVERGENCE AND CURL

Whereas divergence operates on a vector function to yield a scalar function, curl
operates on a vector function to yield a vector function. There is another important
difference. Referring to the differential relation for the divergence in (5-23-2), we
note that the differentiation with respect to x is on the x component of the field, the
differentiation with respect to y is on the y component, etc. Therefore, to have
divergence the field must vary in magnitude along a line having the same direction as
the field.}

Referring to the relation for curl in (5-23-4), we note, on the other hand, that
the differentiation with respect to x is on the y and z components of the field, the
differentiation with respect to y is on the x and z components, etc. Therefore, to have
curl the field must vary in magnitude along a line normal to the direction of the field.}

This comparison is illustrated in Fig. 5-37. The field at (a) is everywhere in the
y direction. It has no variation in the x or z directions but varies in magnitude as a
function of y. Therefore this field has divergence but no curl. The field at (&) is also
everywhere in the y direction. It has no variation in the x and y directions but does
vary in magnitude as a function of z.  Therefore, this field has curl but no divergence.

Let us now discuss the significance of operations involving V twice. First con-
sider the divergence of the curl of a vector function; i.e.,

V-(VxF) )
where F is any vector function given in rectangular coordinates by
F =RF, + §F, + 2F,

If we first take the curl of F, we obtain another vector. Next taking the divergence of
this vector, the result is identically zero. Thus

V. (VxF)=0 2

In words (2) states that the divergence of the curl of a vector function is zero. As a
corollary we may say that if the divergence of a vector function is zero, then it must be
the curl of some other vector function.

1 This is a necessary but not a sufficient condition that a vector field have divergence.
For example, the D field due to a point charge is radial and varies as 1/72 but has no
divergence except at the charge. If, however, the field is everywhere in the y direc-
tion, as in Fig. 5-37a, and varies only as a function of y, then this field does have
divergente.

1 This is a necessary but not a sufficient condition that a vector field have curl. For
example, the H field outside of a long wire varies in magnitude as 1/r and has a
direction normal to the radius vector; yet H has no curl in this region. If, however,
the field is everywhere in the y direction, as in Fig. 5-37b, and varies only as a function
of z, then this field does have curl.
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FIGURE 5-37

Examples of fields with divergence and with curl.

For example, the divergence of B is always zero everywhere; i.e.,
V-B=0 3)

Therefore, B can be expressed as the curl of some other vector function. Let us
designate this other vector function by A. Then

B=VxA )

The function A in (4) is called the vector potential and is discussed in more detail in the
next section.

Let us consider another operation involving V twice, namely, the curl of the
gradient of a scalar function f. That is,

Vx (V) &)

Taking first the gradient of f and then the curl of the resulting vector function, the
result is found to be identically zero. Thus

Vx(V)=0 ©

In words (6) states that the curl of the gradient of a scalar function is zero. As a
corollary, any vector function which is the gradient of some scalar function has no curl.

For example, we recall from (2-13-2) that the static electric field due to charges
E, is derivable as the gradient of a scalar potential ¥. Thus

E =-VV @)
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It follows, therefore, that the curl of E, is zero, or
VxE,=0 6))

If a vector field has no curl, it is said that the field is lamellar. Thus the electric
field E, is lamellar. The flux tubes of such fields are discontinuous. They originate
on positive charges (as sources) and terminate on negative charges (as sinks). On the
other hand, if a vector field has no divergence such as B, it is said that the field is
solenoidal. Its flux tubes are continuous, having no sources or sinks.

Finally, it is important to note that from V + D = p, the divergence of D finds the
sources (p) of the electric field, and from V x H = J the curl of H finds the sources @)
of the magnetic field.

5-25 THE VECTOR POTENTIAL

According to (5-9-6), the magnetic flux density B at a point P produced by a current
distribution, as in Fig. 5-38, is given by

b= L[5 g
where B = flux density, T

# = permeability of medium (uniform), H m~1
J = current density at volume element, A m ™2
f = unit vector in direction of radius vector r, dimensionless
r = radius vector from volume element to point P, m
dv = volume element, m?
Carrying out the integration over the entire volume occupied by the current-carrying
conductor gives the total flux density B at P due to the current.
In Sec. 5-24 we noted that since the divergence of B is always zero, it should be
possible to express B as the curl of some other vector. Thus from (5-24-4) we can
write

B=VxA @

where A is called a vector potential since it is a potential function that is also a vector.}
If we also make
V-A=0 3)

t The potential function ¥ from which the electric field E, can be derived (by the
relation E. = — V V) is a scalar quantity, and hence V is a scalar potential.
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FIGURE 5-38
Construction for finding flux density B
at P. Bis into the page at P.
A is completely defined. Taking the curl of (2) yields
VxVxA=VxB=ulJ “4)

By the vector identity for the curl of the curl of a vector (see Appendix A, Sec. A-9)
equation (4) becomes

V(V:A)— VA =uJ )
Introducing the condition of (3), this reduces to
VA= —pd ©

or in terms of the three rectangular components of A and J

RV2A4, + §V24, + 2V?4, = —p(RJ, + §J, + 2J,) )
Equation (7) is the vector sum of three scalar.equations. Hence,
VA, = —ul,
V4, = ), @)
VzAz = ""p"] z

Each of these relations has the same form as Poisson’s equation. Therefore solutions
to the three equations of (8) are
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Jx
A= f[[F
Ay =& [[[ 2 ao ©)

.
A= IS

Taking the vector sum of the components for A in (9) gives

A=l 0

According to (10), the vector potential A at a point due to a current distribution
is equal to the ratio J/r integrated over the volume occupied by the current distribu-
tion, where J is the current density at each volume element dv and r is the distance
from each volume element to the point P, where A is being evaluated (see Fig. 5-38).
If the current distribution is known, A can be found. Knowing A at a point, the flux
density B at that point is then obtained by taking the curl of A as in (2).

From (2) we note that A has the dimensions of

magnetic flux  force
distance current

Magnetic flux density x distance =

Hence, the vector potential A can be expressed in webers per meter or newtons per
ampere. The dimensional symbols for A are ML/IT?.

EXAMPLE Consider a short copper wire of length / and a cross-sectional area a situated
in air coincident with the 7z axis at the origin, as shown in Fig. 5-39. The current density
J is in the positive z direction. Assume the hypothetical situation that J is uniform through-
out the wire and constant with respect to time. Find the magnetic flux density B everywhere
at a large distance from the wire, using the vector potential to obtain the solution.

SOLUTION The vector potential A at any point P produced by the wire is given by
(10), where the ratio J/r is integrated throughout the volume occupied by the wire. Since
we wish to find B only at a large distance r from the wire, it suffices to find A at a large
distance. Specifically the distance r should be large compared with the length of the wire
(r> 1). Then, at any poilt P the distance r to different parts of the wire can be considered

constant and (10) written as
Ho
=4mfﬂJdu an
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FIGURE 5-39 .
Construction for finding the vector potential A and flux density B due to a short
current-carrying wire.

Now J is everywhere in the z direction and also is uniform. Thus J = 2J,, and
12 12
ﬂ Jdu:iJ' J' J,dsdlzef 1dl a2)
-2 o -1/2
where I = J, a is the current in the wire. Completing the integration in (12) and substituting
this result in (11), we obtain
pll 4. 13)
4ar

(

A=12

where A = vector potential at distance r from wire, Wb m~*

# = unit vector in positive z direction, dimensionless

o = permeability of air = 400 nHm~*

I = current in wire, A

I = length of wire, m

r = distance from wire, m
Equation (13) gives the vector potential A at a large distance from the wire. It is everywhere
in the positive z direction as indicated by the unit vector 2 and is inversely proportional
to the distance r from the wire. It is not a function of angle (¢ or ¢ in Fig. 5-39).
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Having found the vector potential A, we obtain the flux density B by taking the curl
of A. In rectangular components the curl of A is given by

04, 04, 0A, OA. 04, 94«
VxA= ﬁ( oy 8z)+y(6z_8x)+2(3x ay) (14

Since A has only a z component, (14) reduces to

0A.

0A4,
P b P (15)
Now r =V'x? + y? + z2. Therefore
0de _podl @, L pelly
oy~ dm ay(" Y t)TE=—Tm 16)
94, _poll 0 nowa__ ol X
and ox 4w ox G2 +y*+2%” 47 r? an
Introducing these relations in (15) and noting the geometry in Fig. 5-39, we have
pll( Ly ,_) poll Vx4 y?
VxA—%rz( ir+yr <b4w - (18)
or B=Vx A= lefisind (19)
4mr

where B = magnetic flux density at distance r and angle 6, T
& = unit vector in ¢ direction (see Fig. 5-39), dimensionless
6 = angle between axis of wire and radius vector r, dimensionless
o = permeability of air = 400r nH m~*
I= current in wire, A
I = length of wire, m
r = distance from wire to point where B is being evaluated, m

According to (19), the flux density B produced by the wire is everywhere in the
¢ direction. That is, the lines of magnetic flux form closed circles concentric with
the z axis. The planes of the circles are parallel to the xy plane. One such line of
magnetic flux at a distance r from the origin is indicated in Fig. 5-39. According to
(19), B is also proportional to sin § and inversely proportional to 2.

Although the result of (19) could have been written down almost directly from
(1), without using the vector potential explicitly, the above example serves to illustrate
the manner in which the,vector potential can be applied. Employing the vector
potential in the above example is analogous to using a 10-ton steam hammer to crack a
walnut. However, on many problems of a more difficult nature the vector potential
is indispensable.
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5-26 A COMPARISON OF STATIC ELECTRIC
AND MAGNETIC FIELDS

It is instructive to compare electric and magnetic fields and to note both their differ-
ences-and their similarities. A partial comparison is given in Table 5-2 involving
relations developed in the preceding chapters for static fields. A comparison of

relations for nonstatic fields is given in Sec. 8-18.

Table 52 A COMPARISON OF STATIC ELECTRIC
AND MAGNETIC FIELD EQUATIONS

Description of equation Electric fields Magnetic fields
Force F=QE dF = (I x B)d!
‘ F=Q0.B
Basic relations for lamellar | V X E. =0} V-B=0
and solenoidal fields
Derivation from scalar or vec- | E.= —VV B=VXA
tor potential 1
— P _ped
V—MEOerv A—4"J.vrdu
Constitutive relations =¢E B =puH
Source of electric and magnetic | V- D =p VxH=1J

fields

Energy density w, = }eE? = }ED Wm = $pH? = $BH
Capacitance and inductance Q A
C=— L=—
vV 1
Capacitance and inductance | C L
per unit length of a cell a=-¢ a- ¢
Closed path of integration § E-dl=V § H-dl—F — NI
§ E.-dl1=0 § H-dl=0 no current enclosed
Derivation from scalar poten- | E.= —VV H=—-VU in current-free region

tials

t E. is the static electric field intensity (due to charges).

fields (not due to charges) may also be present.

E (without subscript) implies that emf-producing
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PROBLEMS (u = u, everywhere)

* 5-1 Twolong pa;allel linear conductors carry 100 A. If the conductors are separated
by 20 mm, what is the force per meter of length on a conductor if the currents flow (a) in
opposite directions and () in the same direction ?

* 5-2 A long linear conductor with current of 10 A is coincident with the z axis The
current flows in the + z direction. If B= &3 + §4 T, find the vector value of the force F
per meter length of conductor.

5-3 Show that (5-9-4) can also be written dF =— (B X I) dl.

* 5-4 A square wire loop 2 m on a side is situated with edges coincident with the positive
x and y axes and one corner at the origin. A long straight wire with 50 A flowing in the
+ x direction is situated in the xy plane and is parallel to the x axis at a distance of 1 m
(straight wire crosses loop without touching it). If the loop current is 20 A flowing clock-
wise, as viewed from the + z direction, find the vector value of the force on the loop.

* 5-5 (@) If B=26sin (7x/2) sin (my/2) T, find the total magnetic flux over a square
area 2 m on a side with edges coincident with the positive x and y axes and one corner at the
origin. (b) If B = 2k/r T, what is the magnetic flux through a circle of radius ro?

5-6 A thin linear conductor of length / carrying a current I is coincident with the
y axis. The medium surrounding the conductor is air. One end of the conductor is at a
distance y, from the origin and the other end at a distance y,. Show that the flux density
due to the conductor at a point on the x axis at a distance x; from the origin is

B_ Mol ( Y2 _ 1 )
dmxs \Vx,2 £y, Vx2+y,2

Note that if the center of the conductor coincides with the origin (— y; = y,), and if x, > /,
the expression reduces to B = po Il/4mx,>.

* 3-7 A uniform cylindrical coil, or solenoid, of 2,000 turns is 600 mm long and 60 mm
in diameter. If the coil carries a current of 15 mA, find the flux density (@) at the center of
the coil, (b) on the axis at one end of the coil, (¢) on the axis halfway between the center and
end of the coil.

5-8 Calculate and plot a graph of B as function of position along the axis of the sole-
noid of Prob. 5-7 from the center of the solenoid to a distance of 100 mm beyond one end.
5-9 Show that the flux density at a point P on the axis of a uniform solenoid is given by

NI Q,+Q,
B—poT(l—T)

where Q. = solid angle subtended from point P by left end of solenoid ( = 2w if P is at left
end of solenoid)
2 = solid angle subtended from point P by right end of solenoid ( = 2= if P is at
right end of solenoid)
Note that at the center of a long slender solenoid £, = Q, < 4w so that B= po NI/l = po K.

* Answers to starred problems are given in Appendix C.
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* 5-10 A solenoid 300 mm long and 15 mm in diameter has a uniform winding of 2,500
turns. If the solenoid is placed in a uniform field of 4 T flux density and a current of 2 A is
passed through the solenoid winding, what is (¢) maximum force on solenoid, (5) maximum
torque on solenoid, and (¢) magnetic moment of solenoid ?

* 5-11 A uniformly wound solenoid of 5,000 turns is 1 m long by 15 mm in diameter.
If the current I = 2 A, what is (@) the flux density B, (b)) magnetic field H, and (¢) magnetic
energy density w, at the center of the solenoid? (d) What is the equivalent sheet current
density X, (e) the total magnetic energy W,,, and (f) the inductance L?

~ 5-12 A conducting washer of thickness ¢ has an inner radius r; and outer radius r,.
Find the flux density B as a function of radius r if a current  flows (@) between inner and outer
edges, (b) between the flat surfaces, and (c) around the washer (circular loop current).

* 5-13 Find the magnetic flux density B at the center of a square wire loop 2 mon a
side carrying a current of 3A.
* 5-14 An infinite wire of parabolic shape carries a current I. Find the magnetic

flux density B at the focus.

5-15 An infinite wire of hyperbolic shape carries a current I. Find the magnetic
flux density B at the foci.

5-16 Show that the magnetic flux dens1ty at a focus of an elliptically shaped loop of
wire with current I is given by

p= kel (1—\/1_—ez) (’;’+——‘/1:ez G) 4y

2ar e

L

where e = b/a = 1/axial ratio
b = semiminor axis
a = semimajor axis
r = a — distance to focus from center of ellipse

_ Q+V2y+(V2+1) — 1
and G=2V2+yl = = 2V —1sin~! ———
" Y Ve (v AV e e
. 1
where TTVi—e
* 5-17 (a) What is the maximum torque on a square loop of 200 turns in a field of

uniform flux density B=4 T? The loop is 150 mm on a side and carries a current of 8 A.
(b) What is the magnetic moment of the loop?

* 5-18 What is the maximum torque on a small coil of magnetic moment 10-3 A m~-2
situated near the center of a long air-filled solenoid of 1,500 turns per meter with a current
of 2 A?

5-19 Referring to Fig. P5-19, show that the force between the two current elements
situated in air is given by

F— I-l-oIzdlz 11 d11

yry— 4, X @2xD (¢)]

d
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FIGURE P5-19
Geometry of short current-carrying elements for finding force between them.

where dF = force on element 1 due to current I in element 2, N
Ko = permeability of air, Hm~?

dly, dl, = lengths of current elements 1 and 2, respectively, m

I,, I, = currents in elements 1 and 2, respectively, A
r = distance between elements, m

4, = unit vector in direction of current I, in element 1, dimensionless

@, = unit vector in direction of current I, in element 2, dimensionless
£ = unit vector in radial direction (from element 2 to 1), dimensionless

Show further that dF =& dF, where dF is given by

dF = | dF)|

__polodly 1, dly sin 8, sin 6,
o 47r?

where 8, = angle between 4, and # (see Fig. P5-19)

#: = angle between 4,*and 4, x £

and

A
ar

8, xX@.xh
" 'sin 8, sin 8,
where & r is the unit vector in the direction of force dF.

[cHAP. 5
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FIGURE P5-20
Geometry of loops for finding torque.
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It is noted that these equations give the force on element 1 due to the presence of
element 2 but not vice versa. That is, they are not symmetrical with respect to elements
1 and 2. However, with two closed circuits the force, as given by an integral of (1), is the
same for both circuits. Thus, in the case of actual circuits Newton’s third law, that to
every action there is an equal (and opposite) reaction, is satisfied.

5-20 Two loops are arranged as shown in cross section in Fig. P5-20. If the separa-
tion s is large compared with the size of the loops, show that the torque T on loop 2 due to
loop 1 is given by

mm
3

Ho
T=%n"s
where m = magnetic moment of loop 1

m’ = magnetic moment of loop 2

5.21 Calculate the inductance of a uniform, 5,000-turn solenoidal coil 500 mm long
and of 10 mm radius. The medium is air.

* 5-22 Calculate the inductance of an air-filled toroidal coil of 1,000 mm? cross-sectional
area with a mean radius of 500 mm. The toroid has a uniform winding of 10,000 turns.

5-23 Two identical 100-turn circular coils 1 m in radius have their axes coincident
and are spaced 1 m apart, forming a Helmholtz pair. Both carry 10 A in the same sense.
Calculate and plot the variation of H along the axis of the coils from the center of one coil
to the center of the other. Also calculate and plot the variation of H, along the axis of a single
100-turn coil 1 m in radius, due to a current [ in the coil. Let the single coil be situated .
halfway between the coils of the Helmholtz pair and with its axis coincident with the axis
of the pair. Also let I have such a value that H at the center of the single coil is the same as
H from the Helmholtz pair at this point. Assume that the coils have negligible cross-sectional
area so that each may be represented by a thin single-turn loop.

5-24 The field map for a coaxial transmission line with asymmetrically located inner
conductor is shown in Fig. P5-24. If there is 10 V between the conductors and the sheet-
current density K at the point P, is 2 A m~?, use the map to find (a@) the electric field E at
P, (b) E at Ps, (c) the magnetic field H at P,, (d) H at Ps, (e) capacitance per unit length of
line, (f) inductance per unit length of line, (g) electric flux density D at P2, (h) D at P,
(i) magnetic flux density B at P,, (j) B at Ps, (k) electric energy density w. at P», (/) w, at
P3, (m) magnetic energy density w, at P2, (1) wa at Ps, (0) charge Q per unit length of line,
(p) magnetic flux . per unit length of line, and (g) total current I

5.25 If the transmission line of Prob. 5-24 is filled with a conductor of uniform con-
ductivity o and 1 A flows between the inner and outer conductor per unit length of line,
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FIGURE P5-24
Coaxial line with asymmetrically located inner conductor.

find (a) current density J at P,, (b) J at Ps, (¢) shunt resistance R per unit length of line, and
(d) shunt conductance G per unit length of line. It is assumed that the transmission-line
conductors have infinite conductivity.

5-26 A transmission line consists of two long thin parallel conductors that carry
currents of 10 A in opposite directions. The conductors are spaced a distance 2s apart.
Draw a field map for a plane normal to the wires. Show both H lines and lines of equal
magnetic potential. Indicate the value of potential for each equipotential line. Let the
line joining the wires be arbitrarily taken to have zero potential. (Compare this map with
Fig. 3-16 for two parallel lines of charge spaced a distance 2s.)

* 5-27 A long straight tubular conductor of circular cross section with an outside diam-
eter of 50 mm and wall thickness of 5 mm carries a direct current of 50 A. Find H (a) just
inside the wall of the tube, (b) just outside the wall of the tube, and (c) at a point in the tube
wall halfway between the inner and outer surfaces.

5-28 (@) Prove that V -(V X F) =0, where F=&F.+ §F, + 2F.. (b) Prove that
V x (Vf) =0, where fis a scalar function. (¢) V X H=J for steady currents. Show that
V-J=0. (d) E.=—VV for static fields. Show that VXE.=0. (¢) Given that
B=V X A, show that V- B« 0.

5-29 (a) Deduce Maxwell’s curl equation from Ampére’s law and apply it to find
the total current I through a square area 2 m on a side with edges coinciding with the positive
x and y axes and one corner at the origin for a field H=%2y> A m~*. (b) Repeat for
H=23x*>» Am~1
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FIGURE P5-34
Conducting strip in magnetic field for
determination of Hall effect voltage.

5-30 (d) Using the vector potential and its curl, deduce the magnetic flux density B
at a distance of 2 m normal to a short current element of length L with current of 10 mA.
(b) Find B for the situation in (a) using the Biot-Savart law.

5-31 Show that the field F = &y + §x has zero curl.

* 5-32 If F=%x*+ §2yz — 2x?, find V X F and the path of V X F.

5-33 If F = %2x + §4xy?z, (a) find the curl of the curl of F; (b) evaluate this result
at the point (2,2,2); (¢) repeat (a) and (b) using V(V - F) — V?F.

5-34 (d) When a current I flows as shown (Fig. P5-34) in a flat conducting strip with
magnetic field B normal to the strip, there is a force per unit charge to the right. Thus,

gle=Q(va) or —Fé=vXB

F=AXB)/=I1xB)=
-If there are equal numbers of positive and negative charge carriers, the points P, and P,
develop no potential difference. In metals the carriers are negative charges (electrons),
and P, becomes negative with respect to P,. This is the Hall effect. Show that the emf
developed between P, and P, is given by U = IB/nqd, where n is the number of electrons
per cubic meter in the metal, g is the electron charge, and d is the thickness of the strip. (b) If
I=50A, B=2T, w=25mm, and d= 0.5 mm, find the Hall voltage between P, and P,
for a copper strip. Take 7= 8.4 x 10?®* m~? for copper. {¢) Why does the width w of
the strip not appear in the above equation for the Hall voltage?

5-35 A transmission line consists of two parallel 10-mm-diameter conductors separat-
ed (on centers) by 500 mm. If there is a potential difference V= 100 kV between the conduc-
tors, is there a line current I which results in a balance between the electric and magnetic
forces acting on the wires? If so, what is its value?
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THE STATIC MAGNETIC FIELD OF
FERROMAGNETIC MATERIALS

6-1 INTRODUCTION

Magnetic fields are present around a current-carrying conductor. They also exist
around a magnetized object such as an iron bar magnet. The field of the iron bar
is not produced by current circuits of the type considered in Chap. 5, but currents
are the cause. In the bar the currents flow in circuits of atomically small dimen-
sions. In contrast to these microscopic circuits, the circuits considered in Chap. 5 are
of macroscopic size.

An electron revolving in its orbit around the nucleus of an atom forms a tiny
electric current loop. Since a current loop has a magnetic field and all atoms have
revolving electrons, we might suppose that all substances would exhibit magnetic
effects. However, such effects are very weak in most materials. Nevertheless there
is a group of substances, including iron, nickel, and cobalt, in which magnetic effects
are very strong. These substances are called ferromagnetic materials. Both the
orbital motion and the electron spin (or rotation of the electron around its own
axis) contribute to the magnetic effect, the spin being particularly important. This
electron, or charge, motion is equivalent in its effect to a tiny current loop, which
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acts as a miniature magnet or magnetic dipole. Although the effect of each atomic
current loop is very small, the combined effect of billions of them in an iron bar results
in a strong magnetic field around the bar.

62 BAR MAGNETS AND MAGNETIC POLES

If an iron bar magnet is freely suspended, it will turn in the earth’s magnetic field so
that one end points north. This end is called the north-seeking pole of the magnet
or simply its north pole. The other end of the magnet has a pole of opposite polarity
called a south pole. It is often convenient to call a north pole a positive pole and a
south pole a negative pole.

All magnetized bodies have both a north and a south pole. They cannot be
isolated. For example, consider the long magnetized iron rod of Fig. 6-1a. This
rod has a north pole at one end and a south pole at the other. If the rod is cut in
half, new poles appear, as in Fig. 6-1b, so that there are two magnets. If each of
these is cut in half, we obtain four magnets, as in Fig. 6-1c, each with a north and a
south pole. The reason for this is that the ultimate source of ferromagnetism is an
atomic current circuit which acts like a tiny magnet with a north and a south pole. .
Therefore, even if the cutting process could be continued to atomic dimensions and a
single iron atom isolated, it would still have a north and a south pole.

The fact that magnetic poles cannot be isolated, whereas electric charges can,
is an important point of difference between electric charges and magnetic poles.

6-3 MAGNETIC MATERIALS

All materials show some magnetic effects. With the exception of the ferromagnetic
group these effects are weak.

Depending on their magnetic behavior, substances can be classified as diamagnetic,
paramagnetic, or ferromagnetic. In diamagnetic materials the magnetization (see
Sec. 6-7) is opposed to the applied field, while in paramagnetic materials the magnet-
ization is in the same direction as the field. The materials in both groups, however,
show only weak magnetic effects. Materials in the ferromagnetic group, on the other
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hand, show very strong magnetic effects. The magnetization is in the same direction
as the field, the same as for paramagnetic materials. Most of this chapter deals with
the magnetic fields of the ferromagnetic materials.

A number of substances are classified in Table 6-1 according to their magnetic
behavior. Many substances show such weak magnetic effects that they are called
nonmagnetic. However, vacuum is the only truly nonmagnetic medium.

6-4 RELATIVE PERMEABILITY

In dealing with many media, it is often convenient to speak of the relative permeability
U, defined as

b= (1)
Ho

where u, = relative permeability, dimensionless
@ = permeability, Hm™!

Ho = permeability of vacuum = 400 7 nH m™?!

It is to be noted that the relative permeability is a dimensionless ratio.

The relative permeability of vacuum or free space is unity by definition. The
relative permeability of diamagnetic substances is slightly less than 1, while for para-
magnetic substances it is slightly greater than 1. The relative permeability of the
ferromagnetic materials is generally much greater than 1 and in some special alloys
may be as large as 1 million.

The relative permeability of diamagnetic and paramagnetic substances is rela-
tively constant and independent of the applied field, much as the relative permittivity
of dielectric substances is independent of the applied electric field intensity. How-
ever, the relative permeability of ferromagnetic materials varies over a wide range for
different applied fields. It also depends on the previous history of the specimen (see
Hysteresis, Sec. 6-12). However, the maximum relative permeability is a relatively
definite quantity for a particular ferromagnetic material although in different materials
the maximum may occur at different values of the applied field. This subject is
considered in more detail in Sec. 6-11.

In Table 6-1, the relative permeabilities y, are listed for a number of substances.
The substances are arranged in order of increasing permeability, and they are also
classified as to group type. The value given for the ferromagnetic materials is the
maximum relative permeability. ‘
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Table 6-1

Substance Group type Relative permeability u,
Bismuth Diamagnetic 0.99983
Silver Diamagnetic 0.99998
Lead Diamagnetic 0.999983
Copper Diamagnetic 0.999991
Water Diamagnetic 0.999991
Vacuum Nonmagnetic 1t

Air Paramagnetic 1.0000004
Aluminum Paramagnetic 1.00002
Palladium Paramagnetic 1.0008
2-81 Permalloy powder (2 Mo, 81 Ni)i Ferromagnetic 130
Cobalt Ferromagnetic 250

Nickel Ferromagnetic 600
Ferroxcube 3 (Mn-Zn-ferrite powder) Ferromagnetic 1,500

Mild steet (0.2 C) Ferromagnetic 2,000

Iron (0.2 impurity) Ferromagnetic 5,000
Silicon iron (4 Si) Ferromagnetic 7,000

78 Permalloy (78.5 Ni) Ferromagnetic 100,000
Mumetal (75Ni, 5Cu, 2Cr) Ferromagnetic 100,000
Purified iron (0.05 impurity) Ferromagnetic 200,000
Supermalloy (5 Mo, 79 Ni)§ Ferromagnetic 1,000,000

t By definition.
} Percentage composition.

Remainder is iron and impurities.

§ Used in transformer applications with continuous tape-wound (gapless) cores.

6-5 MAGNETIC DIPOLES AND MAGNETIZATION

A loop of area 4 with current 7 has a magnetic moment of /4. The fields at a large
distance from this loop are identical with those of a bar magnet of dipole moment
Q. 1, where Q,, is the magnetic pole strength and / is the pole separation, provided
the magnetic moment of the bar is equal to that of the loop (see Fig. 6-2). Thus,t

0,1=1I4

FIGURE 6-2

Bar magnet of moment Q,,/ and equiva-
lent current loop of moment 4.

Loop

)

1 This equivalence may be shown from the fact that a current loop in a field B has a
maximum torque 7= IAB [from (5-10-4)] while for a bar magnet the maximum

torque T= @, I[B. It follows that for equal tor(ques the moments must be equal.
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FIGURE 6-3
Uniformly magnetized rod with elemental magnetic dipoles.

It was Ampére’s theory that the pronounced magnetic effects of an iron bar
occur when large numbers of atomic-sized magnets associated with the iron atoms
are oriented in the same direction so that their effects are additive. The precise
nature of the tiny magnets is not important if we confine our attention to regions
containing large numbers of them. Thus, they may be regarded as tiny magnets or
.as miniature current loops. In either case, it is sufficient to describe them by their
magnetic moment, which can be expressed either as Q,,/ or as JA.

Consider the long iron rod shown in cross section in Fig. 6-3. Assume that
all the atomic magnets are uniformly distributed throughout the rod and are oriented
in the same direction, as suggested in the figure. This state of affairs may be described
as one of uniform magnetization. The effect of the atomic magnets (or magnetic
dipoles) can be conveniently described by a quantity called the magnetization M,
which is defined as the magnetic-dipole moment per unit volume.t Thus

Q. IA

M= =
v v

m
v

@)

where m = Q,,/is the net magnetic (dipole) moment in volume .

Magnetization has the dimensions of both magnetic-dipole moment per volume
and of magnetic pole strength per area (JL?/L3 = I/L). Itisexpressed in amperes per
meter (A m™1).

The value of M in (2) is an average for the volume ». To define M at a point,
it is convenient to assume that the iron rod has a continuous distribution of infinitesi-
mal magnetic dipoles, i.e., a continuous magnetization, whereas the dipoles actually
are of discrete, finite size. Nevertheless, the assumption of continuous magnetization
leads to no appreciable error provided that we restrict our attention to volumes con-
taining many magnetic dipoles. Then, assuming continuous magnetization, the
value of M at a point can be defined as the net dipole moment m of a small volume
Av divided by the volume with the limit taken as Av shrinks to zero around the point.

t The magnetization M is analogous to the electric polarization P (Sec. 3-5).
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Thus
.. m -
M= lm — (Am™Y 3)

Av—0 AV
If M is known as a function of position in a nonuniformly magnetized rod, the
total magnetic moment of the rod is given by

m=j Mdv (Amd) @)

where the integration is carried out over the volume of the rod.

EXAMPLE If the long uniformly magnetized rod of Fig. 6-3 has N’ elementa magnetic
dipoles of moment Am, find the magnetization of the bar.

soLuTIioN From (2) the magnetization is
M= %— Am = N"Am

where M = magnetization, A m~*

N" = N’/v = elemental dipoles per unit volume, number m-3
In this case the magnetization M is both an average value and also the value anywhere
in the rod since the magnetization is assumed uniform.

6-6 UNIFORMLY MAGNETIZED ROD AND
EQUIVALENT AIR-FILLED SOLENOID

Consider that a long bar magnet consists of miniature current loops as in Fig. 6-4,
one in place of each tiny bar magnet of Fig. 6-3, with the moment /4 of each loop
equal to the moment Q,,/ of each magnet. Assuming that there are n loops in a single
cross section of the rod (as in the end view in Fig. 6-4), we have

nA'=A )
where A’ = area of elemental loop
A = cross-sectional area of rod
Further, let us assume that there are N such sets of loops in the length of the rod (see
the side view in Fig. 6-4). Then
nN =N’ )
where #n = number of loops in a cross section of rod '

N = number of such sets of loops
N’ = total number of loops in rod
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FIGURE 6-4
Uniformly magnetized rod with elemental current loops.

It follows that the magnetization M of the rod is given by

m NIA" NInA NI ,
M=v=Ta~1Ta-T°X )
where K’ = equivalent sheet current density on outside surface of rod, A m™*
= length of rod, m

Referring to the end view of the rod in Fig. 6-4, it is to be noted that there are
equal and oppositely directed currents wherever loops are adjacent, so that the
currents have no net effect with the exception of the currents at the periphery of the
rod. - As a result there is the equivalent of a current sheet flowing around the rod, as
suggested in Figs. 6-4 and 6-5a. This sheet has a linear current density X’ (A m™1).
Although the sets of current loops are shown for clarity in Fig. 6-4 with a large
spacing, the actual spacing is of atomic dimensions, so that macroscopically we can
assume that the current sheet is continuous.

This type of a current sheet is effectively what we also have in the case of a
solenoid with many turns of fine wire, as in Fig. 6-5b (see also Fig. 5-15 and in par-
ticular Fig. 5-15d). The actual sheet-current density K for the solenoid is

k=M @amy @
L
where N = number of turns in solenoid, dimensionless
I = current through each turn, A
= length of solenoid, m
The sheet-current density X is expressed in amperes per meter.
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If the solenoid of Fig. 6-5b is the same length and diameter as the rod of Fig.
6-5a, and if K= K’, the solenoid is the magnetic equivalent of the rod. In air
B = py H; and noting (5-11-5), we have at the center of the solenoid that

NI
B=ﬂof=#oK=ﬂoH (T )
At the center of the rod
B=uwK =y M (T) 6)

From (5) we have H = K, and from (6) we have M = K’. These are scalar relations.
Vectorially we note that H is perpendicular to K and M is perpendicular to K'. The
more general vector relations are

K=fixH and K =Mxh Q)

where fi is the unit vector normal to the plane containing the field vectors.

6-7 THE MAGNETIC VECTORS, B, H, AND M

Consider an air-filled toroid of area 4 and radius R with N, turns, as in Fig. 6-6.
From (5-13-3)

NoI

By = po 7R )

But from (6-6-5) Ny I/2nR = K, the sheet-current density. Hence,
By =poK=po H @
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Cross-sectional
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FIGURE 6-6

Toroid with N, turns of coarse winding
(producing B,) and N, turns of fine
winding (producing B,,).

If the same winding were placed on an iron ring of the same area and radius, the value
of B would increase. Imagine now that in place of an iron ring we have the same
air-filled toroid of Fig. 6-6 but with the ring’s effect replaced by another toroidal
winding of N,, turns. The magnetic field from this winding is

N, I
B, = po ImR €)]

But N, [/2nR = K’, the equivalent sheet-current density. Hence, from (6-6-6)
Bn=poK' =poM “
It follows that the total B is given by

B =By + B, = po(H + M) (%

or B = yo(H + M) ©)

where B = magnetic flux density, T

H = magnetic field, Am™!

M = magnetization, A m~! ,
Although developed for the special case of a toroid, (6) is a (vector) relation which
applies in general. Dividing by H gives

w=nol1 +3) )




SEC. 6-7] THE STATIC MAGNETIC FIELD OF FERROMAGNETIC MATERIALS 207

Dividing by the permeability u, gives

M M
;1,=1+§ or. I7=u,—1 ®)
The ratio M/H is also sometimes written
M
—= 9
g A ®

where x,, is the magnetic susceptibility (dimensionless). Comparing (8) and (9), we
have

Xm = U — 1 (10)
Thus, the magnetic susceptibility y,, = 0 for vacuum, for which p, = 1.

In isotropic media M and H are in the same direction, so that their quotient is a
scalar and hence p is a scalar. In nonisotropic media, such as crystals, M and H are,
in general, not in the same direction, and u is not a scalar (see Chap. 15). Hence,
B=u,H+M)is a general relation, while B = uH is a more concise expression,
which, however, has a simple significance only for isotropic media or certain special
cases in nonisotropic media.

A single iron crystal is nonisotropic, but most iron specimens consist of an aggre-
gate of numerous crystals oriented at random, so that macroscopically such specimens
may be treated as though they were isotropic. In such cases B = yH can be applied
as a strictly macroscopic, or large-scale, relation.

Since V - B =0, we have, on taking the divergence of (6),

V-H=-V-M (Am™3? @11

If the divergence of a vector field is not zero, the field has a source, or place of origin.
We recall from the polarized dielectric case (Sec. 3-26) that VP = —p,, which
indicates that the polarization field originates on the polarization charge (of apparent
volume density p,) at the dielectric surface. In an analogous manner, (11) indicates
that the H field originates where the magnetization field M ends and that the H field
ends where the M field originates. This occurs at the ends of the rod in Fig. 6-3.
The locations where V - H (or V * M) is not zero may be regarded as the loca- -

tions of the magnetic poles of a magnetized object. Thus the poles of a uniformly
magnetized rod, as in Fig. 6-3, are at the end faces of the rod.{

1 In ordinary magnets with flat ends the magnetization tends to be nonuniform near the
edges. Entirely uniform magnetization is possible in spherically or elliptically shaped
magnetic objects. However, the assumption of uniform magnetization is a good
approximation for a long homogeneous rod magnet, since the magnetization is nearly
uniform over all of the rod except near the edges at the ends of the rod. In actual
magnets with flat ends the effective separation between the pole centers is slightly less
than the physical length of the magnet.
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Taking the curl of (6), we have
V x B =p1y(VxH)+ p(Vx M) (12)
or VxB=ﬂoJ+ﬂo(VxM) (13)

Where there is no magnetization, (13) reduces to V x B = pu, J, as in (5-21-8). The
curl of M has the dimensions of current density (amperes per square meter) and
represents the equivalent current of density J’ (A m~2) flowing, for example, in a very
thin layer around the cylindrical surface of a uniformly magnetized rod. The linear
current density for this sheet is K’ =J’ Ax (A m™!), where Ax is the thickness of the
layer of current of average density J'. Thus (13) becomes

VxB=uJ+J) (14)

where J = actual current density, as in current-carrying wire, A m™?2

J’ = equivalent current density, as at the surface of magnetized bar, A m~

The flux density B is always the result of a current or its equivalent. For
example, the magnitude of B at the center of a long slender iron rod surrounded by a
long solenoid is, from (6-6-5) and (6-6-6),

2

B=pu(K+K) (T) as)

where K = sheet-current density due to solenoid current, A m™*

K’ = equivalent sheet-current density due to magnetization of rod, Am™

In many cases we can conveniently express B directly in terms of the currents
producing it, as in (15). In general, we can also express B in terms of the vector
potential A, which in turn is related to the currents. Thus

1

B=VxA (16)

If both conduction currents and magnetization are present,

_@fJ-l-J'

= an . dv an

where

J=VxH and J=VxM (Am~?)

EXAMPLE 1 Referring to Fig. 6-7a, a toroidal coil has a radius R and a cross-sectional
area A =mr% The coil has a very narrow gap, as shown in the gap detail in Fig. 6-8a.
The coil is made of many turns N of fine insulated wire with a current I. Draw graphs show-
ing the variation of B, M, H, and p along the line of radius R at the gap (centerline of coil).
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FIGURE 6-7 ~
(a) Toroidal coil with gap. (b)) Permanently magnetized iron ring with gap. (c) Iron-
cored toroidal coil with gap.

SoLUTION Neglecting the small effect of the narrow gap, B is substantially uniform
around the inside of the entire toroid. Since R > r, its magnitude is, from (5-11-5), given
approximately by .

_ Mo NI
" 2aR

=uoK ) (18)

where K is the magnitude of the linear sheet-current density. in amperes per meter. A graph
of the magnitude B along the centerline of the coil at the gap is shown in Fig. 6-8b.

No ferromagnetic material is present, so that the magnetization is negligible and
M =0, as indicated in Fig. 6-8c. It follows that V-M =0 and also V- H =0.

Since M =0, we have

H — K=
Ho Ho 27R

(Am-Y) 19)

Therefore, the magnitude of H is constant and equal to the sheet-current density X of the
coil winding, as indicated in Fig. 6-84d. The permeability everywhere is u, (Fig. 6-8¢).

It is to be noted that B is continuous and that in this case H is also continuous since
there is no ferromagnetic material present. Both B and H have the same direction everywhere
in this case.

EXAMPLE 2 Consider now that the toroidal coil of Example 1 is replaced by an iron ring
of the same size and also with a gap of the same dimensions, as suggested in Figs. 6-7b and
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FIGURE 6-8
Magnitudes of magnetic quantities along the coil centerline at the gap in a toroid
(see Fig. 6-7a) (Example 1).

6-9a. Assume that the ring has a uniform permanent magnetization M that is equal in
magnitude to X for the toroid in Example 1. Draw graphs showing the variation of B, M, H,
1, and V - H along the centerline of the ring at the gap.

SsOLUTION The ring has a north pole at the left side of the gap and a south pole at
the right side. Neglecting the small effect of the narrow gap, B is substantially uniform
around the interior of the entire ring and also across the gap. It is due entirely to the
equivalent sheet-current density X’ on the surface of the ring. From (6-6-3), K’ =M. Thus

B=poM=p. K" (T) (20)

where M and K’ are, according to the stated conditions, equal to X for the solenoid in Example
1. Hence, B is the same in both examples. Its value at the gap is illustrated in Fig. 6-9b.
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FIGURE 6-9

Variation of magnetic quantities along the centerline at the gap in a permanently

magnetized iron ring (see Fig.

6-7b) (Example 2).

In the ring, M = K’, but outside the ring and in the gap M =0. Suppose that the
change in M from zero to K’ at the gap occurs over a short distance Ax rather than as a
square step function. The graph for M is then as shown in Fig. 6-9c.

Outside the ring and in the gap M =0; so

B

H===K'

Mo

(Am-?)
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Inside the ring

H=£—M (Am-?Y) 1)
Ho
or approximately H = K’ — K’ =0. The exact value of H is not zero} but is small and nega-
tive. The variation of H across the gap is illustrated in Fig. 6-9d.

From (6-7-7) the permeability in the ring is large and negative because H is small
compared with M and is negative. In the air gap p =po. The variation of p across the
gap is suggested in Fig. 6-9e.

According to (6-7-11), the divergence of H equals the negative divergence of M, and
this equals the apparent pole volume density p.. in the ring on both sides of the gap. Thus

V-H=—V-M=p, (Amm-? (22)

This is zero everywhere except at the layers of assumed thickness Ax at the gap. Assuming
that M changes linearly in magnitude over this thickness, and assuming also that Ax is very
small compared with the cross-sectional diameter 2r of the ring, we have on the centerline

aM, FK
VM= ax = Ax =—Pm (23)
+K’ .
or V-H= Ax —Pm 24)

where the upper sign in front of K’ applies if M decreases and H increases in proceeding across
Ax in a positive direction (from left to right). The variation of V - H along the centerline
is illustrated in Fig. 6-9f. Hence the pole volume density p. has a value only in the layers
of assumed thickness Ax at the sides of the gap. This locates the poles of the ring magnet
at the sides of the gap, and for this reason the iron surfaces of the gap are called pole faces.

Since K’in this example equals X in Example 1, B and H in the gap have identical values
in both examples. In the gap, the directions of B and H are the same. In theironring, B
is the same as in the toroid of Example 1, but H is smaller and in the opposite direction.
An H direction opposite to that of B is characteristic of conditions inside a permanent magnet.

EXAMPLE 3 Suppose now that the iron ring of the previous example has wound over it
the toroidal coil of Example 1 with the gap in the toroid coinciding with the gap in the ring,
as shown in Fig. 6-7c and in the gap detail of Fig. 6-10a. The combination constitutes
an iron-cored toroid as contrasted with the air-cored toroid of Example 1. Let the sheet
current density for the toroid winding be K as in the first example. Further, let the induced
magnetization added to the permanent magnetization in the ring yield a fotal uniform magnet-
ization (permanent and induced) that is equal in magnitude to 4K. Draw graphs showing
the variation of B, M, H, u, and V - H along the centerline of the ring at the gap.

t The above analysis is approximate since it neglects the effect of the gap. See Sec. 6-23.
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FIGURE 6-10
Variation of magnetic quantities along coil centerline at the gap in an iron-cored
toroid (see Fig. 6-7c) (Example 3).

SOLUTION In this case the total magnetization is M = K’ =4K. Neglecting the small
effect of the narrow gap, the flux density is substantially uniform around the inside of the
ring and across the gap. It is given (see Fig. 6-10b) by

B=puos(K+K)=5uK (T) 25

In the ring M = 4K, and in the gap M = 0, as shown in Fig. 6-10c. It is again assumed

that M changes linearly over a short distance Ax at the pole faces.
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In the gap
=2 _sx (26)
Ho ’
In the ring
=2 _ @
Ho :

and so we have very nearly that H =5K — 4K = K. The variation of H across the gap is
- depicted in Fig. 6-10d. In the gap u = uo. In the ring (see Fig. 6-10¢)

M 4K
I =l’-o(1 + ﬁ) = ,"'0(1 + ?) =5po (28)

The divergence of H or pole volume density p.. is given by the negative of the divergence
of M. This has a value of + 4K/Ax over the assumed pole thickness Ax at the pole faces.
This is illustrated in Fig. 6-10f. The fact that V- H = ,5,,. at the pole faces is also indicated
in Fig. 6-10a. Elsewhere V-H = 0.

In this example, B and H have the same direction both in the gap and in the ring.
In the ring, however, H is weaker than in the gap.

In this example, the toroid has a sheet-current density of X (A m~'), and the ring
has an equivalent sheet-current density around its curved surface of K’ =4K (Am~1).
Inside a wire of the toroidal coil V X H = J (A m~?) as suggested in Fig. 6-10a. Elsewhere
VX H=0. AtthecurvedsurfaceoftheringVx M =J" (Am~-2). Elsewhere VXM =0.

In the last two examples involving ferromagnetic material it is to be noted that
the magnetization, or M, lines originate, or have their source, on a south (negative)
pole and end on, or have as a sink, a north (positive) pole. The H lines, on the other
hand, originate, as in Example 2, on a north pole and end on a south pole. Thus,
V + H has a positive value at a north pole, while V - M has a positive value at a south
pole.

As a final example let us compare the fields around a solenoid and the equivalent
permanently magnetized rod.

EXAMPLE 4 A long uniform solenoid, as in Fig. 6-11q, is situated in air and has NI
ampere-turns and a length /. A permanently magnetized iron rod (Fig. 6-11¢) has the same
dimensions as the solenoidand has a uniform magnetization M equal to NZ/! for the solenoid.
Draw graphs showing the variation of B, M, and H along the axes of the solenoid and the
rod. Also sketch the configuration of the fields for the two cases.

SOLUTION Since the rod and solenoid have the same dimensions and M =K’ =
K = NIJl, the two are magnetically équivalent. The B fields for both are the same every-
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FIGURE 6-11 :
Solenoid and equivalent magnetized rod showing fields along axis (Example 4).

where, and the H fields for both are the same outside the solenoid and rod. Assuming that
the solenoid is long compared with its diameter, the flux density at the center is nearly given
by

NI
B=lLoT=F-oK (29)
At the ends of the solenoid
B=1iu. K (30)

The magnitude of B at other locations along the solenoid axis can be obtained from (5-11-3)
with a suitable change in limits. The variation of B along the solenoid axis is shown graph-
ically in Fig. 6-11. The variation along the rod axis is the same (Fig. 6-11f).

For the solenoid case, M = 0 everywhere (Fig. 6-11c). In the rod the magnetization
M is assumed to be uniform, as in Fig. 6-11g.

For the solenoid case, H = B/uo everywhere, so that H = K at the center and H = {K
at the ends. The variation of H along the solenoid axis is shown in Fig. 6-11d. Outside
the rod, H is the same as for the solenoid. Inside the rod H = (B/po) — M, so that the varia-
tion is as suggested in Fig. 6-11h. 1t is assumed that M changes from 0 to K over a short
distance Ax at the ends of the rod. The direction of H in the rod is opposite to that for B.

Inside the wires of the solenoid winding, V X H = J, as indicated in Fig. 6-11a. On the
cylindrical surface of the rod, V X M = J’, as suggested in Fig. 6-11e. In the solenoid case, °
V-B=0 and V-H =0 everywhere. In the rod case, V - B =0 everywhere, but V.- H =
—V M = p, at the end faces of the rod.
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FIGURE 6-12

Fields of solenoid and equivalent permanently magnetized rod. The B fields are the
same for both solenoid and rod [see () and (d)]. The M field is zero everywhere
except inside the rod [see (b) and (e)]. The H fields are the same outside both
solenoid and rod but are different inside [see (c) and (f)].

The B, M, and H fields for the two cases are sketched in Fig. 6-12. 1t is to be noted
that inside the rod H is directed from the north pole to the south pole. Since M and B
have, in general, different directions in the rod, u loses its simple scalar significance in this
case. Here H can be obtained by vector addition, using (6-7-6). As an example, H at
the point P in Fig. 6-12 f is obtained by the vector addition of B/uo and — M asin Fig. 6-12g.

Although the magnetization is based on the actual magnetization phenomenon,

it is often simpler and more convenient to ignore the mechanism of the phenoménon
and use the permeability u to describe the characteristics of the magnetic medium,
This is particularly true where u can be treated as a scalar. In this case u is deter-
mined. experimentally from a sample of the material. However, since u is not a
constant for ferromagnetic materials but a function of H and also the previous history
of the sample, the methods for dealing with ferromagnetic materials require special
consideration (see Sec. 6-10 and following sections).

6-8 BOUNDARY RELATIONS

In a single medium the magnetic field is continuous. That is, the field, if not constant,
changes only by an infinitesimal amount in an infinitesimal distance. However, at
the boundary between two different media, the magnetic field may change abruptly
both in magnitude and direction.
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It is convenient to analyze the boundary problem in two parts, considering
separately the relation of fields normal to the boundary and tangent to the boundary.

Taking up first the relation of fields normal to the boundary, consider two media
of permeabilities i, and u, separated by the xy plane, as shown in Fig. 6-13. Suppose
that an imaginary box is constructed, half in each medium, of area Ax Ay and height
Az. Let B,, be the average component of B normal to the top of the box in medium
1 and B,, the average component of B normal to the bottom of the box in medium 2.
B,, is an outward normal (positive), while B,, is an inward normal (negative). By
Gauss’ law for magnetic fields (5-8-1), the total magnetic flux over a closed surface is
zero. In other words, the integral of the outward normal components of B over a
closed surface is zero. By making the height Az of the box approach zero, the con-
tribution of the sides of the box to the surface integral becomes zero even though
there may be finite components of B normal to the sides. Therefore the surface
integral reduces to B,; Ax Ay — B,, Ax Ay=0or

B, =8B, 0}

According to (1), the normal component of the flux density B is continuous across the
boundary between two media.

Turning now to the relation for magnetic fields tangent to the boundary, let
two media of permeabilities y; and u, be separated by a plane boundary, as in Fig.
6-14. Consider a rectangular path, half in each medium, of length Ax parallel to the
boundary and of length Ay normal to the boundary. Let the average value of H
tangent to the boundary in medium 1 be H,; and the average value of H tangent to
the boundary in medium 2 be H,,. According to (5-14-5), the integral of H around
a closed path equals the current 7 enclosed. By making the path length’ Ay approach



218 ELECTROMAGNETICS [cHAP. 6

n H Medium 1
Ay ——-b]{u t1 Al

Current sheet of -
-:-linear density K- -
- perpendicular ¢

topage
FIGURE 6-14

Construction for developing continuity relation for tangential component of H.

zero, the contribution of these segments of the path becomes zero even though a
finite field may exist normal to the boundary. The line integral then reduces to
HyAx — H,, Ax=1or

I -
Hy-Hy=2=K (Am ) 2

where K is the linear density of any current flowing in an infinitesimally thin sheet at
the surface.t

According to (2), the change in the tangential component of H across a boundary
is equal in magnitude to the sheet-current density K on the boundary. It is to be noted
that K is normal to H; that is, the direction of the current sheet in Fig. 6-14 is normal
to the page. This is expressed by the vector relation

ixH=K )

where fi = unit vector normal to boundary, dimensionless
H = change in magnetic field across boundary, A m~
K = sheet-current density at boundary, A m™1!
If the field below the boundary is zero (H,, = 0), (3) indicates that the current K
related to H,; will be into the page in Fig. 6-14, while if the field above the boundary
is zero (H,; = 0), the current K related to H,2 will be out of the page.
If K =0, then

1

H,=H, @)

tIf J is the current density in amperes per square meter in a thin sheet of thickness
Ay’, then X is defined by

K=JAy (Am™!

where J— o0 as Ay’ — 0.
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According to (4), the tangential components of H are continuous across the boundary
between two media provided the boundary has no current sheet.
If medium 1 is a nonconductor, and if H,, =0,

H, =K, (5)

where K, is the sheet-current density in amperes per meter in medium 2 at the bound-
ary (into the page in Fig. 6-14). When medium 1 is air and medium 2 is a conductor,
(5) is approximated at high frequencies because the skin effect restricts the current
in the conductor to a very thin layer at its surface (see Chap. 10).

EXAMPLE 1 Consider a plane boundary between two media of permeability x, and p.,
as in Fig. 6-15. Find the relation between the angles «; and «;. Assume that the media
are isotropic with B and H in the same direction.

soLUTION From the boundary relations,

B,y = Bn: and H, =H, (6)

From Fig. 6-15,
B., = B, cos a; and B,; = B, cos a; (@)
H, =H,sina, and H,;=H;sina, ®8)

where B; = magnitude of B in medium 1

B; = magnitude of B in medium 2

H, = magnitude of H in medium 1

H, = magnitude of H in medium 2
Substituting (7) and (8) into (6) and dividing yields

tan oy _B1_ pn ©
tan @y M2 M2
Normal to
boundary
o Medium 1
Vi
Boundary
o, Medium 2
FIGURE 6-15 Ma
Boundary between two media of differ- Field line :
ent permeability showing change in di- BorH \
rection of magnetic field line.
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FIGURE 6-16
B lines at air-iron boundary. (a) (d)

where y,, = relative permeability of medium 1, dimensionless
M-z = relative permeability of medium 2, dimensionless

Equation (9) gives the relation between the angles «; and «, for B and H lines
at the boundary between two media.t

EXAMPLE 2 Referring to Fig. 6-16, let medium 1 be air (1, = 1) and medium 2 be soft
iron with a relative permeability of 7,000. (a) If B in the iron is incident normal on the
boundary (@, =0), find «,. (b) If B in the iron is nearly tangent to the surface at an angle
a, = 85°, find «,.

SOLUTION (@) From (9)

1
tan o, = 27 tan o, —

1
Prz 7,000

tan o, 10)

When «, =0, ; = 0, so that the B line in air is also normal to the boundary (see Fig. 6-16a).

(b) When «, = 85°, we have, from (10), that tan o, =0.0016, or a; — 0.1°. Thus,
the direction of B in air is almost normal to the boundary (within 0.1°) even though its direc-
tion in.the iron is nearly tangent to the boundary (within 5°) (see Fig. 6-16b). Accordingly,
for many practical purposes the direction of B or H in air or other medium of low relative
permeability may be taken as normal to the boundary of a medium having a high relative
permeability. This property is reminiscent of the one for E or D at the boundary of a
conductor.

t This relation applies only if B and H have the same direction (@ a scalar). In the
absence of magnetization, as in air, B and H have the same direction. When
magnetization is present, as in a soft-iron electromagnet, B and H also tend to have
the same direction. However, this is not the situation in a permanent magnet.
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69 TABLE OF BOUNDARY RELATIONS
FOR MAGNETIC FIELDS

Table 6-2 summarizes the boundary relations for magnetic fields developed in Sec. 6-8.

Table 6-2 BOUNDARY RELATIONS FOR MAGNETIC FIELDSt

Field
component | Boundary relation Condition
Normal By = Bpa (1) | Any two media

Normal porHpy = pp2 i, (2) | Any two media

Tangential | H,y — Hia =K (3) | Any two media with current sheet of infinitesimal thickness
AXH=K QGa) at boundary -
Tangential | H,, = H,, (4) | Any two media with no current sheet at boundary
Tangential | H;; = K, (5) | H,z = 0; also medium 2 has a current sheet of infinitesimal
thickness at boundary; H,, and K, are normal to each
other

+ These relations apply for both static and time-varying fields (see Chap. 8).

6-10 FERROMAGNETISM

Although magnetic effects in most substances are weak, the group of substances
known as ferromagnetic materials exhibits strong magnetic effects. The permeability
of these materials is not a constant but is a function both of the applied field and of
the previous magnetic history of the specimen. In view of the variable nature of the
permeability of ferromagnetic materials, special consideration of their properties is
needed.

In ferromagnetic substances the magnetic effects are produced by the motion
of the electrons of the individual atoms. The net effect is to make an atom of a
ferromagnetic substance act like a miniature bar magnet. In a ferromagnetic sub-
stance such as iron these atomic magnets over a region of many atoms tend to orient
themselves parallel to each other, with north poles pointing one way. This region is
called a magnetic domain and is spontaneously magnetized. The size of a domain
depends on conditions but usually contains millions of atoms. In some substances
the shape appears to be like a long, slender rod with a transverse dimension of micro-
scopic size but lengths of the order of a millimeter or so. Thus, a domain acts like a
small, but not atomically small, bar magnet.
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FIGURE 6-17 \
Six directions of easy magnetization in
an iron crystal. z

In an unmagnetized iron crystal the domains are parallel to the direction of
easy magnetization, but since as many have north poles pointing one way as the
other, the external field of the crystal is zero. In an iron crystal there are six direc-
tions of easy magnetization. That is, there is a positive and negative direction
along each of the three mutually perpendicular crystal axes (Fig. 6-17). Therefore
the polarity of the domains in an unmagnetized iron crystal may be as suggested by
the highly schematic diagram of Fig. 6-18a4. A single N represents a domain with a
north pole pointing out of the page and a single S a domain with a south pole pointing
out of the page. If the crystal is placed in a magnetic field parallel to one of the
directions of easy magnetization, the domains with polarity opposin§ or perpendicular
to the field become unstable and a few of them may rotate so that they have the same
direction as the field. With further increase of the field more domains change over,
each as an individual unit, until when all the domains are in the same direction,
magnetic saturation is reached, as suggested by Fig. 6-185. The crystal is then
magnetized to a maximum extent. If the majority of the domains retain their direc-
tions after the applied field is removed, the specimen is said to be permanently mag-
netized. Heat and mechanical shock tend to return the crystal to the original un-
magnetized state. In fact, if the temperature is raised sufficiently high, the domains
themselves are demagnetized and the ferromagnetism disappears. This is called the
Curie point (about 770°C for iron).

Magnetization which appears only in the presence of an applied ficld may be
spoken of as induced magnetization, as distinguished from permanent magnetization,
which is present in the absence of an applied field.

6-11 MAGNETIZATION CURVES

The permeability u of a substance is given by

B

p=p=Hob
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(@) Domain polarity in an unmagnetized
iron crystal. Arrows indicate direction (b)
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the page. (b) Condition after crystal is

saturated by a magnetic field directed to ——
the right. Applied magnetic field

where B = magnitude of flux density, T

H = magnitude of field H, A m™?

Lo = permeability of vacuum = 400  nH m"™

u, = relative permeability of substance, dimensionless

The permeability u or the ratio B/H is not a constant for ferromagnetic materials.
Therefore, to illustrate the relation of B to H, a graph showing B (ordinate) as a
function of H (abscissa) is used. The line or curve showing B as a function of H
on such a BH chart is called a magnetization curve. It is to be noted that p is not the
slope of the curve, which is given by dB/dH, but is equal to the ratio B/H.

To measure a magnetization curve for an iron sample, a thin, closed ring may
be cut from the sample. A uniform primary winding is placed over the ring, forming
an iron-cored toroid, as in Fig. 6-19. If the number of ampere-turns in the toroid is
NI, the value of H applied to the ring is

NI
H= T (A turns m™?)

1

where I =2nR and R is the mean radius of the ring or toroid. This value of H
applied to the ring may be called the magnetizing force. Hence, in general, H is
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Cross sectional
area A

FIGURE 6-19
Rowland ring method of obtaining magnetization curve.

sometimes called by this name. The flux density B in the ring may be regarded as
the result of the applied field H and is measured by placing another (secondary)
coil over the ring, as in Fig. 6-19, and connecting it to a fluxmeter.t For a given
change in H, produced by changing the toroid current 7, there is a change in magnetic
flux y,, through the ring. Both H and B are substantially uniform in the ring and neg-
ligible outside. Therefore the change in flux y,, = BA, where A is the cross-sectional
area of the ring, and the resulting change in the flux density B in the ring is given by
B = y,,/A where y,, is measured by the fluxmeter. This ring method of measuring
magnetization curves was used by Rowland in 1873.

A typical magnetization curve for a ferromagnetic material is shown by the solid
curve in Fig. 6-20a. The specimen in this case was initially unmagnetized, and the
change was noted in B as H was increased from 0. By way of comparison, four
dashed lines are also shown in Fig. 6-20a, corresponding to constant relative per-
meabilities u, of 1, 10, 100, and 1,000. The relative permeability at any point on the
magnetization curve is given by

B .
JTRES =19 x 10° T (dimensionless)

Ho

where B = ordinate of the point, T

H = abscissa of the point, A m~!
A graph of the relative permeability 4, as a function of the applied field H, correspond-
ing to the magnetization curve in Fig. 6-20q, is presented in Fig.6-20b. The maximum
relative permeability, andstherefore the maximum permeability, is at the point on the
magnetization curve with the largest ratio of B to H. This is designated “max u”’;

T The fluxmeter operates on the emf induced in the secondary when the magnetic
flux through it changes.
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FIGURE 6-20

(@) Typical magnetization curve and (b) corresponding relation of relative permea-
bility to applied field H.

it occurs at the point of tangency with the straight line of steepest slope that passes
through the origin and also intersects the magnetization curve (dash-dot line in Fig.
6-20aq).

The magnetization curve for air or vacuum would be given by the dashed line
for u, = 1 (almost coincident with the H axis) in Fig. 6-20a. The difference in the
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B Easy N Hard magnetization
magnetization |
P
FIGURE 6-21
Regions of easy and hard magnetization
of initial-magnetization curve. H

ordinate B between the magnetization curve of the ferromagnetic sample and the
ordinate at the same H value on the p, = 1 line is equal to the magnetization M of the
ferromagnetic material times .

The magnetization curve shown in Fig. 6-20q is an initial-magnetization curve.
That is, the material is completely demagnetized before the field H is applied. As H
is increased, the value of B rises rapidly at first and then more slowly. At sufficiently
high values of H the curve tends to become flat, as suggested by Fig. 6-20a. This
condition is called magnetic saturation.

The magnetization curve starting at the origin has a finite slope giving an initial
permeability. Therefore the relative-permeability curve in Fig. 6-20b starts with a
finite permeability for infinitesimal fields.

The initial-magnetization curve may be divided into two sections: (1) the
steep section and (2) the flat section, the point P of division being on the upper bend
of the curve (Fig. 6-21). The steep section corresponds to the condition of easy mag-
netization, while the flat section corresponds to the condition of difficult, or hard,
magnetization.

Ordinarily a piece of iron consists not of a single crystal but of an aggregate of
small crystal fragments with axes oriented at random. The situation in a small piece
of iron may be represented schematically as in Fig. 6-22. Here a number of crystal
fragments are shown, each with a number of magnetic domains, represented in most
cases by a small square. The boundaries between crystal fragments are indicated
by the heavy lines, and domain boundaries by the light lines, which also indicate the
direction of the crystal axes. In Fig. 6-224, not only is the piece of iron unmagnetized,
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FIGURE 6-22

Successive stages of magnetization of a
polycrystalline specimen with increasing
field. Arrowsindicate direction of mag-
netization of domains. An N represents
a domain with a north pole pointing out
of the page; an S represents a domain
with a south pole pointing out of the
page.
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but also the individual crystal fragments are unmagnetized. The domains in each
crystal are magnetized along the directions of easy magnetization, i.e., along the three
crystal axes. However, the polarity of adjacent domains is opposite, so that the total
magnetization of each crystal is negligible.

With the application of a magnetic field H in the direction indicated by the
arrow (Fig. 6-22) some domains with polarities opposed to or perpendicular to the
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applied field become unstable and rotate quickly to another direction of easy mag-
netization in the same direction as the field, or more nearly so. These changes take
place on the steep (easy) part of the magnetization curve. The result, after all
domains have changed over, is as suggested in Fig. 6-22b.  This condition corresponds
roughly to that at the point P on the magnetization curve (Fig. 6-21).

With further increase in the applied field, the direction of magnetization of the
domains not already parallel to the field is rotated gradually toward the direction of
H. This increase in magnetization is more difficult, and very high fields may be
required to reach saturation, where all domains are magnetized parallel to the field,
as indicated in Fig. 6-22c. This accounts for the flatness of the upper (hard) part of
the magnetization curve.

The tendency of adjacent magnetic domains to be oppositely magnetized can
be understood from energy considerations. Thus, when adjacent domains are orien-
ted the same, as in Fig. 6-234, the total energy is increased. When all domains are
oppositely oriented, as in Fig. 6-23b, the energy is decreased. The situation can be
illustrated by performing an experiment with two bar magnets arranged to slide easily
onarod. Let both magnets be placed side by side and oriented the same, as in Fig.
6-24a. If the left magnet is held but the right magnet is released, it will move to the
right, as in Fig. 6-24b, since the adjacent like poles repel. ~ As the right magnet moves
farther away, it willrotate on the rod to the position shown in Fig. 6-24c. The opposite
poles now attract, and the right magnet moves back to the left until it comes to rest

N[N i S Njis
-l f— - I
A\l

SIS N SHN

(a) (b) (¢) (d)
FIGURE 6-24

Experiment with 2 bar magnets illustrates the decrease in total energy.
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Hysteresis loop.

against the left magnet, as in Fig. 6-24d. The pair of magnets now has less energy
than at the start (Fig. 6-24a). The decrease in total energy accounts for the work done
by the right magnet in moving away, rotating, and moving back.

6-12 HYSTERESIS

If the field applied to a specimen is increased to saturation and is then decreased, the
flux density B decreases, but not as rapidly as it increased along the initial-magnetiza-
tion curve. Thus, when H reaches zero, there is a residual density, or remanence, B,
(Fig. 6-25).

In order to reduce B to zero, a negative field — H, must be applied (Fig. 6-25).}
This is called the coercive force. As H is further increased in the negative direction,
the specimen becomes magnetized with the opposite polarity, the magnetization at

{ By reversing the battery polarity (Fig. 6-19).
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FIGURE 6-26 J
Hysteresis loops for soft and hard mag-
netic materials.

‘

“first being easy and then hard as saturation is approached. Bringing the field to
zero again leaves a residual magnetization or flux density —B,, and to reduce B to
zero a coercive force + H, must be applied. With further increase in field, the
specimen again becomes saturated with the original polarity.

The phenomenon which causes B to lag behind H, so that the magnetization
curve for increasing and decreasing fields is not the same, is called hysteresis, and the
loop traced out by the magnetization curve is called a hysteresis loop (Fig. 6-25). If
the substance is carried to saturation at both ends of the magnetization curve, the
loop is called the saturation, or major, hysteresis loop. The residual flux density B,
on the saturation loop is called the retentivity,t and the coercive force H, on this
loop is called the coercivity. Thus, the retentivity of a substance is the maximum
value which the residual flux density can attain and the coercivity the maximum
value which the coercive force can attain. For a given specimen no points can be
reached on the BH diagram outside the saturation hysteresis loop, but any point
inside can.

In soft, or easily magnetized, materials the hysteresis loop is thin, as suggested in
Fig. 6-26, with a small area enclosed. By way of comparison, the hysteresis loop of
a hard magnetic material is also shown, the area enclosed in this case being greater.

Turning our attention to the permeability u, consider the hysteresis loop of
Fig. 6-27a. The corresponding graph of u as a function of H is as shown in Fig.
6-27b. At H =0, it is apparent that 4 becomes infinite. On the other hand, when

t The term retentivity is also sometimes used to mean the ratio of the residual flux
density B, to the maximum flux density B,,.
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FIGURE 6-27
(a) Hysteresis loop. (b) Corresponding
permeability curve.

B=0, u=0. Under such conditions, the permeability u becomes meaningless. .
Therefore the use of g must be confined to situations where it has significance, e.g.,
the initial magnetization curve. It is to be noted that the term maximum permea-
bility signifies specifically the maximum permeability for an initial-magnetization
curve and not for a hysteresis loop or other type of magnetization curve.

Another type of magnetization curve for which u has a definite meaning is the
normal magnetization curve. This curve is the locus of the tips of a series of hysteresis
loops, obtained by cycling the field H over successively smaller ranges. Thus, as
shown in Fig. 6-28, the field is changed slowly over the range +H,, obtaining the
saturation hysteresis loop. The field is next cycled slowly several times over a
range +H,, obtaining after a few reversals a repeatable hysteresis loop of smaller
size. This process is repeated for successively smaller ranges in #, obtaining a series
of loops of decreasing size. The curve passing threugh the tips of these loops is the
normal magnetization curve (Fig. 6-28). This curve is useful since it is reproducible
and is characteristic of the particular type of ferromagnetic material. The normal
magnetization curve is actually very similar in shape to the initial-maenetization curve.
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FIGURE 6-28
Normal magnetization curve with relation to hysteresis loops.

6-13 ENERGY IN A MAGNET

A specimen of iron with residual magnetization contains energy since work has been
performed in magnetizing it. The magnetic energy w,, per unit volume of a specimen
brought to saturation from an originally unmagnetized condition is given by the integral
of the initial-magnetization curve expressed (see Table 5-2) byt

wm=fBHdB m™) (1)
0

The dimensional relation for (1) is

t Integrating yields w,, = 3 H?2, as in Table 5-2.
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where M/LT? has the dimensions of energy density, which is expressed in joules per
cubic meter. Thus, the area between the curve and the B axis is a measure of the
energy density. This is indicated in Fig. 6-294 for an easily magnetized (magnetically
soft) substance which has been carried to the point P in the magnetization process.
A magnetically hard substance takes more work to magnetize, as indicated by the
larger shaded area in Fig. 6-29b. On bringing H to zero some energy is released,
as indicated by the crosshatched areas in Fig. 6-29.

If H is increased and decreased, so that the magnetization of a specimen re-
peatedly traces out a hysteresis loop, as in Fig. 6-30a, the area enclosed by this loop
represents the energy per unit volume expended in the magnetization-demagnetization
process in one complete cycle. In general the specimen retains some energy in stored
magnetic form at any point in the cycle. However, in going once around the hys-
teresis loop and back to this point, at which the energy will again be the same, energy
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proportional to the area of the loop is lost. This energy is expended in stressing
the crystal fragments of the specimen and appears as heat. If no hysteresis were
present and the initial-magnetization curve were retraced, the area of the loop would
be zero (Fig. 6-30b). The magnetization-demagnetization process could then be
accomplished with no loss of energy as heat in the specimen, assuming that eddy
currents (see Sec. 8-12) are negligible.

614 PERMANENT MAGNETS

In many applications permanent magnets play an important part. In dealing with
permanent magnets the section of the hysteresis loop in the second quadrant of the
BH diagram is of particular interest. If the loop is a saturation or majoi' hysteresis
loop, the section in the second quadrant is called the demagnetization curve (Fig.
6-31a). This curve is a characteristic curve for a given magnetic material. The
intercept of the curve with the B axis is the maximum possible residual flux density

B
Retentivity\
P Saturation
hysteresis
// loop
Demagnetization /
curve
BH (a)
—H . H
Coercivity
B
1
3 (b)
2
FIGURE 6-31
Demagnetization curves. (B is positive 7
and H is negative.)
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Demagnetization and BH product curves for Alnico 5.

B,, or the retentivity, for the material, and the intercept with the H axis is the maxi-
mum coercive force, or the coercivity. It is usually desirable that permanent-magnet
materials have a high retentivity, but it is also important that the coercivity be large
so that the magnet will not be easily demagnetized.

In Fig. 6-31b, three demagnetization curves are shown. Curve 1 represents-a
material having a high retentivity but low coercivity, while curve 2 represents a
material which is just the reverse; i.e., it has a low retentivity and high coercivity.
Curve 3 represents a material which is a compromise between the other two, having
relatively high retentivity and coercivity.

The maximum BH product, abbreviated BH,,,, , is also a quantity of importance
for a permanent magnet. In fact, it is probably the best single figure of merit, or
criterion, for judging the quality of a permanent magnet material. Referring to Fig.
6-31b, it is apparent that BH,,,, is greater for curve 3 than for either curves 1 or 2.
The maximum BH product for a substance indicates the maximum energy density (in
joules per cubic meter) stored in the magnet. A magnet at BH,,, delivers a given
flux with a minimum of magnetic material.

Since the product BH has the dimensions of energy density, it is sometimes
called the energy product and its maximum value the maximum energy product.
The product BH for any point P on the demagnetization curve is proportional to the
area of the shaded rectangle, as shown in Fig. 6-31a.

Figure 6-32 shows the demagnetization curve for Alnico 5, one of the best
permanent-magnet materials, which is an alloy containing iron, cobalt, nickel, alu-
minum, and copper. A curve showing the BH product is also presented. The
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maximum BH product is about 36,000 J m™3 and occurs at a flux density of about 1
T (see point P).
A discussion of the operating point of permanent magnets is given in Sec. 6-23.

6-15 TABLE OF PERMANENT MAGNETIC MATERIALS

Representative materials for permanent magnets are given in Table 6-3. The ma-
terials are listed in the order of increasing maximum BH product. Magnets of
cobalt, copper, iron, and either cerium or samarium have been cast with coercivities
of over 2 MAm™!.

FIGURE 6-33
Demagnetization effect of bar-magnet
field.

6-16 DEMAGNETIZATION

A bar of ferromagnetic material that has a residual flux density tends to become de-
magnetized spontaneously. The phenomenon is illustrated by Fig. 6-33, which shows
a bar magnetized so that a north pole is at the left and a south pole at the right. The
orientation of a single domain is indicated, and it is evident that the external ficld of

Table 6-3 PERMANENT MAGNETIC MATERIALS

Retentivity, Coercivity, BHmax »

Materialt T Am™! Jm™3

Chrome steel (98 Fe, 0.9 Cr, 0.6 C, 1.0 4,000 1,600
0.4 Mn)

Oxide (57 Fe, 28 O, 15 Co) 0.2 72,000 4,800

Alnico 12 (33 Fe, 35 Co, 18Ni, 8Ti, 0.6 76,000 12,000
6Al)

Alnico 2 (55 Fe, 12 Co, 17 Ni, 10 Al, 0.7 44,800 13,600
6 Cu)

Alnico 5 (Alcomax) (51 Fe, 24 Co, 14 1.25 44,000 36,000
Ni, 8 Al, 3 Cu)

Platinum cobalt (77 Pt, 23 Co) 0.6 290,000 52,000

t Compositions in percent.
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U-shaped magnet with and without Partial hysteresis loop.

keeper.

the bar magnet opposes this domain and, hence, will tend to turn it, or reverse its
polarity, thereby partially demagnetizing the bar. The tendency for this demag-
netization is reduced if the magnet is in the form of a U, as in Fig. 6-34q, since in
this case there is but little demagnetizing field along the side of the magnet. The
demagnetizing effect can be still further reduced by means of a soft-iron keeper placed
across the poles, as in Fig. 6-34b. 4

The process of removing the permanent magnetization of a specimen so that the
residual flux density is zero under conditions of zero H field is called demagnetization
or deperming. It is evident that B can be reduced to zero by the application of the
coercive force H,, but on removing this field the residual flux density will rise to some
value B,, as suggested in Fig. 6-35. Although it might be possible to end up at
B =0 and H =0 by increasing — H to slightly more than the coercive force and then
decreasing it to zero, as suggested by the dashed lines, the process requires an accurate
knowledge of B and H and the hysteresis loop.

A longer but more simply applied method is called demagnetization or de-
perming by reversals. In this method, + H is brought to a smaller maximum amplitude
on each reversal so that eventually the specimen is left in a demagnetized state at
zero field, as suggested by Fig. 6-36. Although such a demagnetization procedure
can be completely carried out in a matter of seconds with a small magnetic specimen
such as a watch (using ac fields), many seconds or even minutes may be required for
each reversal for large magnetic objects because of the slow decay of the induced eddy
currents and the reluctance of the domains to change polarity. The matter of eddy
currents is discussed further in Sec. 8-12.
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FIGURE 6-36
Demagnetization by reversals.

6-17 THE MAGNETIC CIRCUIT;
RELUCTANCE AND PERMEANCE

An electric circuit forms a closed path or circuit through which the current flows.
Magnetic flux tubes are continuous and form closed paths. Hence, by analogy,
we may consider that a single flux tube is a magnetic circuit. Or all the flux tubes of

a magnetic circuit, taken in parallel, may be considered as a magnetic circuit.

Consider first an electric circuit carrying a current I. By Kirchhoff’s law the

total emf in the circuit is equal to the total IR drop. Thus

U, = IRy
where U, = total emf, V
Ry = total resistance, Q
From (1) the total resistance is
U
RT = ——T

M

)]
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Consider now a magnetic circuit. Corresponding to the resistance of an
electric circuit as given by (2), we may, by analogy, define a quantity for the magnetic
circuit called the reluctance #. Thus

Fr

Ry =— 3
T Ym
where #; = total reluctance of magnetic circuit
F; = total mmf of magnetic circuit, A
¥, = flux through magnetic circuit, Wb
In general, the total flux i, in a magnetic circuit is given by
Vm=[[B-ds (WD) @

where B = flux density, T
ds = element of surface, m?
The integration is carried out over the cross-sectional area of the flux tube or tubes
that constitute the circuit. If B is uniform over the entire cross section, ¥, = BA,
where A is the cross-sectional area of the circuit in square meters.
Reluctance has the dimensions of current per magnetic flux, or in dimensional
symbols
I T I TP
M2~ ML® -
The relation T2I?/ML? has the dimensions of the reciprocal of inductance. Thus the
unit for reluctance is the reciprocal henry (H™1).
The reciprocal of reluctance 2 is called the permeance 2, which is expressed in
henrys. Hence, from (3),
1 ¥, \
P ®)
where 27 is the total permeance of the circuit in henrys.
The total mmf of a magnetic circuit is equal to the line integral of H around the
complete circuit, and this in turn is equal to the ampere-turns enclosed. Therefore,
(3) becomes

Rp=—-=—="—="0 (H (6

where NI is the ampere-turns enclosed.
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The above discussion concerns the total reluctance of a circuit. Let us con-
sider next the reluctance of a portion of a magnetic circuit. In an electric circuit, the
resistance R between two points having no emfs between them is given by

R== © ™

where V = potential difference between the points, V
I = current in circuit, A
In the analogous magnetic case, the reluctance # between two points in a magnetic
circuit is given by N
U
#=-— (H™ ®
Y
where U is the magnetic potential difference between the points in amperes. From
(5-16-6) for U and (4) for ¥,, we have

[[H-a
2=Tr5& -0

where H is integrated between the two points (1 and 2) between which we wish to
find the magnetic potential difference U.

When the circuit has a uniform cross section of area A and the field is uniform,
(9) reduces to

a=-2_L @y (10)

BA pud
where # = reluctance between points 1 and 2, H™!
I = distance between points 1 and 2, m
A = cross-sectional area of magnetic circuit, m>
u = permeability of medium comprising the circuit, H m™*
The permeance 2 between the points 1 and 2 is given by

- a1

==

Reluctances in series are additive in the same way that resistances in series are
additive. For reluctances in parallel the reciprocal of the total reluctance is equal to
the sum of the reciprocals of the individual reluctances. For reluctances in parallel
it is usually more convenient to use permeance, the total permeance being equal to the
sum of the individual permeances.
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30mm .; ¥y

FIGURE 6-37
Rectangular iron blocks.

EXAMPLE 1 Find the reluctance and permeance between the ends of the rectangular
block of iron shown in Fig. 6-37a, assuming that B is uniform throughout the block and
normal to the ends. The permeability of the block is uniform and has a value 1 = 500p,,
where w, is the permeability of vacuum.

SOLUTION  The reluctance of the block is, from (10),

I 0.1

—t - s -1
A T 500x 4m x 10-7 X 15 x 10-+ ~ 06X 10°H

The permeance 2 is the reciprocal of &; so

1
? =To6x10s — 24 wH

EXAMPLE 2 Find the total reluctance and permeance between the ends of the series-
connected rectangular iron blocks shown in Fig. 6-375, assuming that B is uniform throughout
the blocks and normal to the ends. The permeability of each block is uniform, the value in
block 1 being i1 = 500u, and in block 2, p, = 2,000,

SOLUTION The reluctance &, of block 1 is given in Example 1. The reluctance of
block 2 is

1 0.2

9?’=,L,A=2,000><47r>< 107 x 15 X 10-*

=053 x 10°H-!

The total reluctance % equals the sum of the individual reluctances; so

Rr=R1+R.=01.06+0.53) X 10°=1.59 x 105 H-!
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The total permeance

1 __ 1 _63un

P = T X 10°

"EXAMPLE 3 Find the total reluctance and permeance between the ends of the parallel-
connected rectangular iron blocks shown in Fig. 6-37c, assuming that B is uniform in each
block and normal to the ends. The permeability of each block is uniform, the value in
block 1 being j; = 500, and in block 2 being p. =2,000p,. :

SOLUTION Since the blocks are in parallel, it is more convenient to calculate the total
permeance first. The permeance £, of block 1 is

_ pad; 500 X 4w X 1077 X 20 X 10~

P2, = 02 = 6.28 uH
The permeance of block 2 is
-7 -4
g’z="”Az=2’000X4"X10 x 10 x 10 — 126 uH

/ 0.2
The tbtal permeance equals the sum of the individual permeances; so
| Pr=P,+P,=(628+126)x 10-° =189 pH
The total reluctance is then given by

I .
A= ~TExios o < 1H

6-18 MAGNETIC FIELD MAPPING;
MAGNETIC FIELD CELLS

The examples in the preceding section illustrate how the reluctance or permeance may
be found for sections of a magnetic circuit that have a uniform cross section and
uniform field. In two-dimensional problems where the field and cross section are
nonuniform the magnetic field configuration, and consequently the reluctance or
permeance, can also be found provided the permeability may be considered constant.
Graphical field-mapping techniques such as are employed in Secs. 3-22 and 4-16 are
applicable to such situations.
The following basic properties are useful in magnetic field mapping:

1 The field (H or B) lines and the magnetic potential (U) lines intersect at right
angles.
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FIGURE 6-38 2
Magnetic field cell. ! Walls of flux tube

2 At the boundary between air and iron (or other high-permeability medium)
the field lines on the air side of the boundary are substantially perpendicular to
the boundary surface.

3 The boundary between air and iron (or other high-permeability medium) may
be regarded as an equipotential with respect to the air side of the boundary but
not, in general, with respect to the iron side.

4 In a uniform field the potential varies linearly with distance.

5 A magnetic flux tube is parallel to the field, and the magnetic flux over any
cross section of the tube is a constant.

6 Magnetic flux tubes are continuous.

With these properties in mind a two-dimensional magnetic field can be divided
into magnetic flux tubes and then by equipotentials into magnetic field cells with sides
that are squares or curvilinear squares, using the trial-and-error method described in
Sec. 3-22 in connection with electric field mapping.

A magnetic field cell is bounded on two sides by equipotential surfaces and on
two others by the sidewalls of a flux tube. For instance, the sides of the magnetic
field cell in Fig. 6-38 are the walls of a flux tube, while the top and bottom surfaces
are equipotentials. The field is parallel to the sides and normal to the top and bottom
surfaces. The permeance of a magnetic field cell, as measured between the equipo-
tential surfaces, is, from (6-17-11),

uAu_ld

; ud  (H) O

Po =

and the permeance per unit depth is

Zoop EmY @
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(b)
FIGURE 6-39
Magnetic field in air gap (Example 1).

where y is the permeability of the cell medium in henrys per meter. Thus, the value of 1
for a medium is equal to the permeance per unit depth of a magnetic field cell of that
medium. For example, a magnetic field cell in air has a permeance per unit depth of
4007 nH m™?, or 1.26 yH m~!. Thus, if d in Fig. 6-38 equals 1 m and the medium
is air, the permeance of the cell is 1.26 uH.

Any field cell can be subdivided into smaller square-ended cells with as many
cells in parallel as in series. Hence the permeance per unit depth of any field cell,
large or small, exactly square or curvilinear, is equal to p.

All cells with the same flux through them may be defined as magnetic field cells
of the same kind. Tt follows that the magnetic potential difference across all cells of
the same kind is the same.

To illustrate some of the principles of magnetic field mapping, let us consider
three examples involving three variations of a two-dimensional problem.

EXAMPLE 1 .A magnetic circuit has an air gap of nonuniform separation, as suggested
in Fig. 6-39a. The iron has a uniform depth 4 into the page of 1 m. The geometry of the
gap is identical with the region between ff and gg in the capacitor of Fig. 3-19. Find the
permeance of the air gap, neglecting fringing of the field.

soLuTION It may be assumed that the iron permeability is much greater than po,
so that the field lines in the gap will be perpendicular to the air-iron boundary and this
boundary can be treated as a magnetic equipotential. Since the geometry of the gap is the
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FIGURE 6-40
Iron bar of nonuniform cross section with internal field (Example 2).

same as that for the capacitor in Fig. 3-19, the field map in Fig. 3-19 may also serve in the
present case, noting that the field lines here are B or H lines and the equipotentials are sur-
faces of equal magnetic potential U, as shown in Fig. 6-39b.

With the exception of the cells in the remainder flux tube, all the field cells are of the
same kind, and the permeance of the air gap is given in terms of cells of the same kind by

2-Yap, G)
n

where N = number of field cells (or flux tubes) in parallel, dimensionless
n = number of field cells in series. dimensionless
P, = permeance of one cell, H

The remainder flux tube has 91 cells in series, while the other flux tubes have 4. Hence the
remainder tube is 4/91 = 0.43 of the width of a full tube, and N =15+ 0.43 =15.43. The
total permeance of the gap is then 2, = (15.43/4)P, = 3.86%#,. Since the depth of each
cell is 1 m, the permeance of one cell is g =pod =126 x 1 =126 uH and the total
permeance is

Pr=3.86 x 1.26 = 4.86 uH

It is assumed in this example that there is no fringing of the field. For an actual gap there
would be fringing at the edges, and the actual permeance of the gap would be somewhat
larger than given above.

EXAMPLE 2 Let the problem of the above example be modified to that shown in Fig. 6-40.
Here the gap of the first example is replaced by iron and the iron poles by air. The iron
may be regarded as part of a magnetic circuit of iron extending further to the left and to
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FIGURE 6-41

Cross section of strip transmission line (Example 3).

the right as suggested by the dashed lines in Fig. 6-40. The iron extends to a depth of 1 m
normal to the page, with the cross section at any depth identical to that in Fig. 6-40. Assume
that the iron has a uniform permeability x which is much larger than .  Find the permeance
between the surfaces indicated by the dash-dot lines f and gg.

soLUTION The field map for this problem is the same as for Example 1 (Fig. 6-39b)
except that the field and equipotential lines are interchanged, as shown in Fig. 6-40. It is
assumed that p is so much greater than p, that in the iron the H field at the air-iron boundary
is substantially parallel to the boundary as indicated by the map. The total permeance
between ff and gg is, from (3), & = (4/15.43)P, = 0.259 X pu X 1 =0.259 X 1.26u, = 0.326p,
#H, where u, is the relative permeability of iron.

EXAMPLE 3 Let the problem of the preceding example be modified to that of a two-strip
transmission line having the same cross section as the gap of Example 1 and the iron circuit
of Example 2. As shown in Fig. 6-41, the two conducting strips extend normal to the page
with a sheet of steady current flowing outward on the upper strip and an equal current
flowing inward on the lower strip. The medium in which the strips are located is air. Neglect
-edge effects. Find the inductance of a 1-m length of the line.

soLUTION Neglecting edge effects,t the field map between the strips is identical with
that for the iron circuit in Fig. 6-40.

1 If the conducting strips are extended an infinite distance to the left and right, as
suggested by the dashed lines in Fig. 6-41, the field configuration is precisely as
indicated. The field between the strips is produced by the currents on the strips.
In Example 2 the field in the iron may be regarded as due to an equivalent current '
sheet at the surfaces of the iron bar normal to the page (Fig. 6-40).
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If each cell in the map is regarded as a strip transmission line with sheet currents
along its upper and lower surfaces, the inductance L, for a length d of 1 m of the single-cell
line (normal to the page in Fig. 6-41) is, from (5-17-2), given by

Lo =[Lod= 1.26 [.LH

The total inductance Ly of a 1-m length of the line is then

Ly x 1.26 =0.326 uH

__4
T 15.43

6-19 COMPARISON OF FIELD MAPS IN ELECTRIC,
MAGNETIC, AND CURRENT CASES

Graphical field mapping was discussed in Sec. 3-22 for electric fields, in Sec. 4-16 for
currents in conductors, and in Sec. 6-18 for magnetic fields. The technique is similar
in all these cases. Of particular significance is the fact that a field map for a certain
two-dimensional geometry can be applied to numerous problems having this geom-
etry. An illustration of this was provided by the three examples in Sec. 6-18, in
which the field map of Fig. 3-19 for a capacitor yielded the solution for the permeance
of the volume with the field applied both transversely and longitudinally. The map
also gave the inductance of a conducting-strip transmission line.

The same map can, in addition, supply the value of the conductance of a con-
ducting bar with the current flowing transversely and with the current flowing longi-
tudinally. The same map can also be applied to heat- and fluid-flow problems.

To summarize, sketches are given in Fig. 6-42, showing six different problems of
the same geometry for which solutions are supplied by one field map. The actual
map is shown in Fig. 6-42a, being omitted in the other sketches. The geometry of
the problems is that of the capacitor of Fig. 3-19,which was also used in the problems
of Figs. 6-39 to 6-41.

In Fig. 6-42q the map represents the electric field in a capacitor with the field
transverse. In Fig. 6-42b the map represents the electric field in a conducting bar
with current flowing transversely, while in Fig. 6-42¢ the current flows longitudinally.
In Fig. 6-42d the map represents the magnetic field in the air gap between two iron
pole faces, while in Fig. 6-42¢ it represents the magnetic field in an iron bar with the
field applied longitudinally. In Fig. 6-42f the map represents the field between
two conducting strips acting as a transmission line with current flowing normal to
the page. For each case the capacitance, conductance, permeance, or inductance per
unit depth (normal to the page) is given, as appropriate for the particular problem.
Fringing of the field is neglected in all cases.
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It is also of interest to compare the significance of the cells (square or curvilinéar)
of the field maps for the different problems we have considered. Thus, the capacitance
per unit depth of an electric field cell equals the permittivity ¢ of the medium; the con-
ductance per unit depth of a conductor cell equals the conductivity ¢ of the medium;
the permeance per unit depth of a magnetic field cell equals the permeabilitjl i of the
medium; and the inductance per unit length of a transmission-line cell equals the per-
meability u of the medium. These relationships are summarized in the last column
of Table 6-4. This table also has columns headed Flow lines, Flow tubes, and Equi-
potentials. Under Flow lines are listed the quantities having the direction of flow '
lines and under Flow tubes the quantities equal to the total flux through a tube.

Table 6-4 IMPORTANT FIELD-MAP QUANTITIES

Equi- Value of cell

Field Flow lines Flow tubes potentials (per unit depth)
Electric DorE Electric flux ¢ V) Permittivity e

(Fm~)
Current JorE Current I vV V) Conductivity

Om)
Magnetic BorH Magnetic flux ¢ U (A) Permeability p -

(Hm™)
Heat Temperature Heat per time Temperature Thermal con-

gradient ductivity
Fhiid flow (non- Velocity Mass per time Velocity po- Density
turbulent; in- tential

compressible)

EXAMPLE Apply the above analogies to find the capacitance of an air capacitor by a
resistance measurement.

soLuTioN The capacitor plates are immersed in a large tank filled with a liquid of
uniform conductivity o, and the dc resistance R is measured between the plates.
In general, the conductance G of a certain geometry is given by

G=od m
n

where N = number of cells in parallel
n = number of cells in series
d = depth of cells
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An actual capacitor with the same geometry has the same field configuration (compare
Fig. 6-42a and b); so the capacitance

C = €g d ﬂ (2)
n
where N and # are the same as in (1). Hence, on dividing (2) by (1),
_Sog_fo
= o ¢ oR ®

where C = capacitance of actual capacitor, F
€0 = permittivity of air = 8.85 pF m~!
o = conductivity of liquid, U m~!*
R = 1/G = measured resistance, Q
Thus when o is known (it can be measured with a rectangular volume), the capacitance
of an air capacitor can be obtained from (3) by a resistance measurement.

6-20 GAPLESS CIRCUIT

Consider the magnetic circuit of a closed ring of iroh of uniform cross section 4
and mean length /. Suppose that a coil of insulated wire is wound uniformly
around the ring and that we wish to know how large the product NI of the number
of turns and the current must be to produce a flux density B in the ring.

The coil on the ring in Fig. 6-43a forms a toroid. In the toroid we have, from
(5-11-5),

¢ M

where u = permeability (assumed uniform) of medium inside of toroid, Hm™!
N = number of turns, dimensionless
I = current, A
! = mean length of toroid, m
R = mean radius of toroid, m
Dividing by u, we have NI = Hl ampere-turns. If a certain flux density Bis desired in
the ring, the corresponding H value is taken from a BH curve for the ring material and
the required number of ampere-turns calculated from NI = HI.

EXAMPLE 1 An iron ring has a cross-sectional area 4 = 1,000 mm? and a mean length
/=600 mm. Find the number of ampere-turns required to produce a flux density B=1T.
From a BH curve for the iron, H=1,000 Am~-tat B=1T.
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(a) b

FIGURE 6-43
Closed iron ring (@) with uniform winding and (b) with concen-
trated winding.

SOLUTION From NI = H!
NI =1,000 x 0.6 =600 A turns

The coil could be 100 turns with a current of 6 A or 1,000 turns with 600 mA. The coil
may be uniformly distributed around the ring, as in Fig. 6-43a, or concentrated in a small
sector, as in Fig, 6-43b.

The required number of ampere-turns can also be found by calculating the
reluctance of the ring circuit, as illustrated by the following example.

EXAMPLE 2 Find the number of ampere-turns required for the ring of Example 1 for
B =1 T by first evaluating the reluctance of the ring.

SOLUTION From (6-17-6)

_§H-dl
R= BA )
We also have § H- dl = HI = NI. 1t follows that NI = #BA, where
; .
®= ®
Since H =1,000 Am~-! when B=1T,
_B_1 _ -1
P=ETT =1mHm , @)
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It is to be noted that the relative permeability for this case is

B 10-3

M=ol <107 ®)

Introducing (4) in (3) and also the value of / and A4 gives the reluctance of the ring as

0.6

2 =07 %10

—=6x 105 H ©)

Hence, the required number of ampere-turns is
NI =A#BA =6 x 10% x 1 x 1073 = 600

as obtained in Example 1.

6-21 MAGNETIC CIRCUIT WITH AIR GAP

Let a narrow air gap of thickness g be cut in the iron ring of Sec. 6-20, as shown in
Fig. 6-44a. The gap detail is presented in Fig. 6-44b. By the continuity of the normal
component of B the flux density in the gap is the same as in the iron if fringing is
neglected. Neglecting the fringing involves but little error where the gap is narrow,
as assumed here. The field H, in the gap is then H, = B/u,, while the field H; in the
iron is

B B H
n-2_-28_4 (1)
B Hrlo By
from which
H,
e _ 2
H, @

The number of ampere-turns required to produce a certain flux density B in a

" magnetic circuit with gap, as in Fig. 6-44q, is a problem for which the solution can

be obtained directly. For instance, according to (5-16-9), the line integral of H

once around the magnetic circuit equals the total mmf F, or ampere-turns enclosed.
That is,

§H-d1=F=N1 3)

EXAMPLE Let the iron ring of Fig. 6-44 have a cross-sectional area 4 = 1,000 mm?,
an air gap of width g =2 mm, and a mean length / = 27R = 600 mm, including the air gap.
Find the number of ampere-turns required to produce a flux density B=1T.
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(a)

)

FIGURE 6-44
Iron ring with air gap.

soLuTiIoN We have
N1=§H-d1=H.(1—g)+H,g @

where H, = H field in iron

H, = H field in gap
From a BH curve for the iron, H; = 1,000 A m~?, and from (2) we know H, in terms of H;,.
Hence (4) becomes

NI = H[( —g) + p.g] )
where p, = 795 is the relative permeability of the iron ring at B=1T. Therefore,
NI = 1,000[(0.6 — 0.002) + 795 x 0.002] = 2,188 A turns

The introduction of the narrow air gap makes it necessary to increase the ampere-turns from
600 to 2,188 to maintain the flux density at 1 T.

The problem can also be solved by calculating the total reluctance of the magnetic
circuit. Thus, from (4) we have

P - gy + 4
NI =2 Hl =)+ 25 Hag ©®
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and NI =BA(R,+ R, (@)

where #, = (I — g)/uA = reluctance of iron part of circuit
R, = gluo A = reluctance of air gap

6-22 MAGNETIC GAP FORCE

Referring to Fig. 6-44, the effect of the magnetic field is to exert forces which tend to
close the air gap. That is, the magnetic poles of opposite polarity at the sides of the
gap are attracted to each other. Forces produced by magnetic fields find appli-
cation in numerous electromechanical devices. In this section an expression for the
force between magnetic pole pieces is developed.
The density of energy stored in a magnetic field is
2
) M
2 p
If the gap is small, we may assume a uniform field in the air gap. The total energy
W,, stored in the gap is then

B4
W, =w,Ag = g
2y

m = Wn @ )]
where A = area of gap, m?
g = width of gap, m

Suppose now that the iron ring in Fig. 6-44 is perfectly flexible, so that the gap must be
held open by a force F as in Fig. 6-45. 1If the force is increased so as to increase the
gap by an infinitesimal amount dg while at the same time the current through the coil
is increased to maintain the flux density B constant, the energy stored in the gap is
increased by the infinitesimal amount
2
dw,, = ﬂ dg ‘ A3)
2p0
" Equation (3) has the dimensions of energy. But energy may also be expressed as
force times distance, which in this case is F dg, where F is the attractive force between
the poles. It is equal in magnitude to the force required to hold them apart. Thus

B%4
Fdg=—dg
2p0
B4
or F= C))

h 2p,
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FIGURE 6-45
Forces at air gap.
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Gap

where F = attractive force, N
B = flux density, T
A = area of gap, m
Uo = permeability of air = 400 nH m™
Dividing by the gap area A yields the pressure P. That is,

1

_F_& -
=4=50 @) )

6-23 PERMANENT MAGNET WITH GAP

Suppose first that a closed iron ring is magnetized to saturation with a uniform
toroidal coil wound on the ring. When the coil is removed, the flux density in the
iron is equal to the retentivity (see Fig. 6-47). If, however, the system has an air
gap, as in Fig. 6-46, the flux density has a smaller value as given by a point P which
lies somewhere on the demagnetization curve (Fig. 6-47) (see also Sec. 6-14). Further
information is needed to locate this point. This may be obtained as follows. The
line integral of H once around a magnetic circuit is § H-dl = NI. Since NI =0,

§H-dl=Hi(l—g)+H,g=o

or H(—-g)=—Hyyg M

where H; = H field in the iron
I = 2aR = total length of magnetic circuit (including gap)
g = width of gap
H, = H field in gap
Thus H, and H, are in opposite directions, as indicated in Fig. 6-46. If leakage is
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FIGURE 6-46 FIGURE 6-47
Permanently magnetized ring with air gap. Demagnetization curves for permanent magnet.

neglected, B is uniform around the circuit. Multiplying (1) by u, and solving for the
ratio B/H;, or the permeability of the iron, we obtain

B Il—g

A
This ratio of the flux density B to the field H; in the iron gives the slope of a line called
the shearing line, as shown in Fig. 6-47. The intersection of this line with the de-
magnetization curve determines the position of the iron on the magnetization curve
(point P). This location is a function of the ratio of the iron path length (/ — g) to the
gap length g.

In most permanent-magnet applications, where it desired that B remain rela-
tively constant, a moderate demagnetizing field is applied to the iron, moving the
position of the iron to P’ (Fig. 6-47). On removing the field, the iron moves to the
point P” on the shearing line. The ring magnet is now said to be stabilized, and when
fields less than about the difference of H between points P’ and P” are applied to the
ring and then removed, the iron will always return to approximately point P”.  Under
these conditions the iron moves along a minor hysteresis loop, as suggested by the
dashed lines in Fig. 6-47.

@

6-24 COMPARISON OF ELECTRIC AND MAGNETIC RELATIONS
INVOLVING POLARIZATION AND MAGNETIZATION

It is interesting to compare the magnetic relations where magnetization M is present
with the corresponding electric relations where polarization P is present (see Chap. 3).
This is done in Table 6-5.
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Table 6-5 COMPARISON OF EQUATIONS INVOLVING
POLARIZATION P AND MAGNETIZATION M-

Description of equation Electric case Magnetic case
Dipole-moment relations P= P_ gl M= m_ Q—"’l
v v v v
Flux density D=¢E+P B=pu,H+M)
s o P M
Permittivity and permeability €= €9+ E p=rpoll + T
Relative permittivity and per- | . P oM
meability e=1+ eE pe=l+g
Susceptibilities x=¢&—1 Xm= pr— 1
Relation to polarization charge | V<P = p, VXM=J
density and to equivalent
current density
Poisson’s equations VY= — g Viy=VeM=—-V-H
1 —V.P J+VUVUxM
Scalar and vector potentials V= j A dy | A= ko +—x dv
4meo J, r 47 J, r

* Answers to starred problems are given in Appendix C.

PROBLEMS

* 6-1 A magnetized needle of 20 A m? magnetic moment is situated in a uniform
magnetic field of 50 T flux density. Find the maximum torque on the needle.

6-2 A magnetized needle of 30 A m? magnetic moment is situated with its center at
the origin in a magnetic field of flux density B=§B,. If a short bar magnet of moment
Q.1 is placed coincident with the x axis at a large distance xo from the origin, find the angle [/
between the needle and the y axis assuming that the needle pivots freely around its center
point.

* 6-3 A uniformly magnetized bar with a volume of 0.01 m? has a magnetic moment of
500 A m?. If the flux density B = 50 mT in the bar, what is the value of H in the bar?

6-4 A bar magnet in a uniform magnetic field is acted on only by a torque, there being
no translational force on the magnet. In a nonuniform field, there is a net translational force.
Find the maximum value of this force on a uniformly magnetized bar magnet 5 mm long with
a magnetic moment of 2 A m? situated 100 mm from one pole of a very long slender bar
magnet having a pole strength of 500 A m.
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6-5 Two cavities are cut in a ferromagnetic medium (., = 200) of large extent. Cavity
1 is a thin disk-shaped cavity with flat faces perpendicular to the direction of B in the ferro-
magnetic medium. Cavity 2 is a long needle-shaped cavity with its axis parallel to B. The
cavities are filled with air. If B =2 T, what is the magnitude of H at (a) the center of cavity
1 and () the center of cavity 2?

6-6 Two long straight parallel conductors separated by a distance d carry a current
I in opposite directions. Find the force per unit length of conducor if (2) the medium is
air and () the medium everywhere has a relative permeability p, = 200.

6-7 Two ferromagnetic media are separated by a plane boundary. Medium 1 has a
relative permeability u, =200 and medium 2 a relative permeability u, = 1,500. If the
magnetic field direction in medium 2 is at an angle of 10° with respect to the surface, find the
angle between the field direction and the surface in medium 1.

* 6-8 A bar magnet with 10 A m? magnetic moment is brought 500 mm from a compass
needle. What is the maximum angular deviation of the needle which the magnetcan produce?
Take the horizontal component of the earth’s field as 1 mT.

6-9 Design a magnetic levitation system to raise 1,000 kg at the earth’s surface by
5 mm using (a) permanent magnets and (b) electromagnets.

* 6-10 A steel pipeline runs east-west at a constant depth below a flat ground. The

undisturbed earth’s magnetic field in the region has a dip of 70° (angle of B from horizontal)

and a declination of 0° (angle of B from north). Locate the pipe and its depth if the following
dip measurements are obtained with the dip needle 1 m above the ground:

Meters south of reference mark | 0| 2 | 4 l 6 | 8 ! 10 ' 12 I 14 | 16
Dip angle, deg 7|75 | 77| 74| 70 | 65 | 62 | 66 | 69
* 6-11 A rectangular iron bar has a length x, and a cross-sectional areca 4. The

permeability is a function of x and is given by

M1 — Mo

X1

B= o+ X
Find the permeance of the bar.

6-12 A small bar magnet with magnetic moment of 50 A m? is situated parallel to a
very long straight wire with current of 50 A. If the bar magnet is 500 mm from the wire,
find the torque on the bar magnet.

6-13 A flat sheet of linear current density K separates two media with magnetic
flux densities B, =5 mT and B, = 20 mT in opposite directions parallel to the sheet. The
relative permeabilities are p,, = 50 and p,, = 100. What is K?

6-14 Show that at th® center of a long uniformly magnetized bar of uniform cross-
sectional area A4 that |H| & 2MA/n/?, where M = magnetization and / = length of bar.

6-15 Show that the permeability at the center of a long permanently magnetized
rod of uniform magnetization is given by ue[1 — (7/2/24)], where ! = length of rod and A =
cross-sectional area of rod.
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6-16 A copper conductor of 50 mm radius is enclosed by a concentric iron tube of
inner radius 100 mm'and outer radius 150 mm. (a) If the current in the conductor is 200 A,
find B and H at radii of 25, 50, 100, 125, 150, and 200 mm. Assume that the current density
in the conductor is uniform and that u, =400 in the iron tube. (b) Sketch the variation
of B and H as a function of radius from 0 to 250 mm.

6-17 Show that the flux density from a bar magnet is given by

=on,,.Isin0 and B :;LOQ,,,ICOSO

B 4mr3 2mrr3

where Q.. = dipole moment ]
0 = angle between bar axis and radius vector of length r
It is assumed that r > /.
6-18 Show that the flux density from a single-turn wire loop is given by
_ polAcosd

3

in 0

By =2 S i’: rs,“ and B =E"—
where I = current

A =area

IA = magnetic moment

8 = angle between axis of loop and radius vector of length r
It is assumed that r is much greater than the diameter of the loop.

6-19 A small bar magnet is situated in air at a distance d from the plane surface of a
medium of large extent and permeability x. The bar axis makes an angle 8 with respect
to a perpendicular to the surface. If the dipole moment of the bar magnet is Q. /, find the
force and torque on the bar magnet due to the magnetization induced in the medium of per-
meability p.

* 6-20 A magnetized rod 10 mm in diameter and 30 mm long has a uniform magnetiz-
ation of 1,200 A m~!. Find the magnetic moment of the bar. ‘

* 6-21 A uniformly magnetized rod 25 mm in diameter and 75 mm long has a magnetic
moment of 12 kA m2.  Find the equivalent sheet-current density at the surface of the rod.

6-22 Demonstrate that the force between two small bar magnets varies as the inverse
fourth power of their separation and is independent of their relative orientation.

6-23(a) Assuming that the demagnetization curve of a certain ferromagnetic material
is a straight line, what is the maximum BH product if the retentivity is 1 T and the coercivity
is 20 kA m~'? (b) Prove that this is the maximum value.

6-24 According to Lord Rayleigh, the bottom part of the normal magnetization curve
is given by B = pu, H 4 aH?, where p, is the initial permeability (at H =0, B = O)andaisa
constant. Assume that this relation applies to the initial-magnetization curve of an iron
specimen. What is the expression for the energy density in the iron after the field is raised
from H =0 to H=H,? Assume that the specimen is initially unmagnetized.

* 6-25 An iron ring has a uniform cross-sectional area of 150 mm?* and a mean radius
of 200 mm. The ring is continuous except for an air gap 1 mm wide. Find the number of
ampere-turns required on the ring to produce a flux density B = 0.5 T in the air gap. Neglect
fringing. When B =0.5 T in the iron, p, = 250.
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FIGURE P6-29
Cyclotron magnet.

6-26 A ring has a cross-sectional area of 200 mm?2 and a mean path length of 350 mm.
Two-thirds of the length of the ring is composed of ferrite (u, = 1,000) and the remaining
one-third of mild steel (1, = 2,000). Find the total magnetic flux in the ring if it is wound
with a coil of 750 turns carrying 100mA. Consider that thetwo butt joints between theferrite
and steel sections are equivalent to an air gap of 100 pm.

* 6-27 Find the reluctance and permeance between the ends of an iron bar having the
dimensions (a) shown in Fig. 4-20 assuming p, = 3,000, (b) shown in Fig. P4-4 assuming
e = 5,000.

6-28 (a) How much greater is the reluctance of the block of Fig. 4-20 compared to a
uniform rectangular block without the notches assuming the same y, in both cases? (b) How
much greater is the reluctance of the block of Fig. P4-4 compared to a uniform rectangular
block obtained by cutting the one in Fig. P4-4 along the diagonal at the bend, turning one
half over, and joining both halves to form a gapless straight bar?

6-29 A cyclotron magnet has the dimensions shown in Fig. P6-29. The pole pieces
are cylindrical with tapered ends. The diameter of the gap is 1 m, and the gap spacing is
150 mm. How many ampere-turns are required in each of the two windings shown to
produce a flux density of 1 T in the air gap? Assume that the magnet is made of iron with
©r = 2,000and thatthere is nofringing at thegap. Neglect leakage along the magnet structure.
As a further simplification take the effective length of sections as the length measured along
the centerline (dashed line in Fig. P6-29a). Take the diameter of the tapered section of the
poles as the average diameter.

* 6-30 An electromagnet consists of a U-shaped iron yoke and iron bar, as shown in
Fig. P6-30. A thin copper sheet on the top of the bar prevents iron-to-iron contact between
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Yoke

FIGURE P6-30 1
U-shaped electromagnet.

bar and yoke. If the magnetic flux through the circuit is 15 mWb and the yoke-bar contact
area is 0.015 m? per pole, what is the weight which the yoke will support (including the weight
of the bar)? Neglect fringing.

6-31 () If the contact area of the electromagnet of Prob. 6-30is reduced to 0.005 m?
by means of tapered sections on the yoke, what is the weight which the yoke will support?
Assume that the total flux is the same as before and neglect fringing. (b) In practice what
prevents the attractive force from increasing indefinitely as the contact area is reduced ?

6-32 What is the contact pressure (a) in Prob. 6-30 and (b) in Prob. 6-31a?

* 6-33 An iron ring magnet of 0.02 m? cross-sectional area and 300 mm radius has
a 1-mm air gap and a winding of 1,200 turns. If the current through the coil is 6 A, what is
the force tending to close the gap? Take u, = 1,000 for the iron and neglect fringing.

6-34 Show that the permeability of a permanent magnet with air gap can be expressed
by p = —po(P,/P), where po = permeability of air, 2, = permeance of air gap, and P =
permeance of empty space occupied by the magnet.

6-35 A long conducting tube of negligible wall thickness carries a longitudinal current
of uniform sheet density X = I/2mR, where I = total current and R = radius of tube. Find
H (a) inside the tube (r < R), (b) at r = R, and (c) outside the tube (r > R). (d) What bound-
ary relation is satisfied at r = R?

6-36 For may purposes the magnetic field of the earth at ionospheric heights or above
may be regarded as if it were produced by a short magnetic dipole (or small current loop)
situated at the center of the earth with & = p, everywhere (except within the dipole). If the
horizontal component of B at the earth’s surface is 20 xT at a point where the dip angle of the
field (angle from horizontal) is 72°, (@) find the magnetic moment required for the dipole
(or loop) at the center of the earth. Take the earth’s radius as 6.37 Mm. (b) Using this model,
calculate B at a distance of 40 Mm above the earth’s surface in the é¢quatorial and polar
directions.
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LAPLACE’S AND POISSON’S EQUATIONS
AND BOUNDARY-VALUE PROBLEMS

7-1 INTRODUCTION

In this chapter we shall consider a number of electrostatic field problems. In the
first examples space is free of charge (p = 0), and we seek solutions to Laplace’s equa-
tiont (V2V = 0) which satisfy the boundary conditions. In a later example space
charge is present, and a solution to Poisson’s equation (V2V = —p/¢) is obtained.
Because of the important part that boundary conditions play, these problems are often
called boundary-value problems.

The solution of a boundary-value problem is usually facilitated if it is set up in a
coordinate system in which the boundaries can be specified in a simple manner. For
instance, a problem involving a rectangular object may be most readily handled with
rectangular coordinates, a cylindrical object by cylindrical coordinates, an elliptical
object by elliptical-hyperbolic coordinates, etc. The boundaries in many practical
problems cannot be simply expressed in any coordinate system, and often in such cases
resort must be made to other methods such as graphical, point-by-point, computer,
or experimental methods. Thus, the field maps obtained in Secs. 3-22, 4-16, and
6-18 are all solutions of Laplace’s equation.

1 See Sec. 3-27.
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7-2 SOLUTION OF LAPLACE’S EQUATION
"IN RECTANGULAR COORDINATES

In réctangular coordinates Laplace’s equation (V2V = 0) becomes

v otV ﬂ

et o

Let us assume that ¥ can be expressed as the product of three functions X, Y, and Z,
or

V=XYZ V)]
where X = function of x only ‘
Y = function of y only
Z = function of z only
Substituting (2) into (1) we get
da*x dry da*z
— — Y—=0
YZ 2 + XZ % +X e 3

Dividing by X YZ separates the variables, and so we have

1d2X 1d*Y 14d°Z
L ——S 4+ =—=0 4
Xd2 T YaiE  zd? )
Since the sum of the three terms on the left-hand side is a constant (=0) and each
variable is independent, each term must equal a constant. That is, we may write

1 d*x
X2~ ®
d*x
or - a’X ®
2
Y
and similarly ‘fiyz =a%Y @)
d*z
and 'Jz‘{ = 0322 (8)
where a’+a+a?=0 ®

The problem now is to find a solution for each of the three variables separately.
Hence, the procedure we have been following is often referred to as the method of
separation of variables.
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A solution of (6) is
X =Ce"* + Cre” > (10)

where C; and C, are arbitrary constants that must be evaluated from the boundary
conditions. Either term in (10) is a solution, or the sum is a solution, as may be
verified by substituting the solution in (6).

It follows that a general solution of (1) is

V = (Cie"”* + Cre™")(Cse™” + Cye™"2")(C5e™* + Cge~ %)

where C;, C,, etc., are constants. Thus, solutions may take the form of exponential,
trigonometric, or hyperbolic functions.

7-3 EXAMPLE 1: THE PARALLEL-PLATE CAPACITOR

Consider a parallel-plate capacitor as shown in cross section in Fig. 7-1a. The plates
are infinite in extent and are separated by a distance x,. The left-hand plate is at
zero potential and the right-hand plate at potential V;. Let us apply Laplace’s equa-
tion to find the potential distribution between the plates.

There is no variation in potential in the y and z directions, so that the problem is
one-dimensional and Laplace’s equation (V2¥ = 0) reduces to

axv
p =0 7 e))

For the second derivative of V with respect to x to be zero the first derivative
must be equal to a constant. Thus, we have

av

a‘ =G 2
or dV =C,dx 3)
" Integrating (3), we write
f v =, f dx
or V = Clx -+ C2 (4)

The boundary conditions are
1) v=o0 atx=0
2 v=v at x = x;
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1y

:® >
x
(a)
V= 0 V = Vl
=0 r=z,
Vi
\ %4 n .
%1 (b)
FIGURE 7-1
(a) Parallel-plate capacitor and () poten- o
tial variation. 0 z xy
From the first boundary condition (4) becomes

Hence, C, =0. From the second boundary condition (4) becomes
Vi =Cix ©
so that

Ci=— M
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Introducing the values for C, and C, from (7) and (5) into (4), we see that the solution
for the potential between the capacitor plates is

=—x (V) @®)

Thus, the variation of V between the plates is a linear function of x, as illustrated in
Fig. 7-1b.
This result could have been anticipated since we would expect a uniform electric
field E between the plates with magnitude
V;
E=2 (Vm™) )

1

with the potential at any point given by
V=Ex ) (10)

The constant C, is thus equal to the electric field between the plates. Ordinarily we
would not have resorted to Laplace’s equation to solve this simple problem, but its
application here serves to illustrate the procedures involved in applying Laplace’s
equation while using a minimum of mathematics.

7-4 UNIQUENESS

If a function ¥ satisfies Laplace’s equation (V2V = 0) and the boundary conditions,
it is a unique solution; i.e., it is the only possible solution. No other function will
satisfy these requirements.t

Let us reexamine the solution (7-3-8) for the parallel-plate capacitor with respect
to its uniqueness. It satisfies the boundary conditions, and it also satisfies Laplace’s
equation, as can be confirmed by substituting (7-3-8) into (7-3-1) and performing the
indicated differentiation. The solution is V; = C;x, where C, = V;/x,. A function
of the form V = C;x + C, will also satisfy Laplace’s equation but will require dif-
ferent boundary conditions, thatis, ¥V =C,atx=0and V=V, + C, at x = x,.

Let us try a function of the form ¥ = C;x*. This function can satisfy the same
boundary conditions as ¥ = C,x, but it does not satisfy Laplace’s equation since sub-
stituting it in (7-3-1) gives a nonzero result (d*¥/dx* = 2C,). It is apparent that any

t A graphically obtained or computer-generated field map of a two-dimensional
problem is likewise a unique solution.
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Infinite parallel plates

V=V,+C,

XG'L

V=C,

FIGURE 7-2

The potential variation C;x satisfies
Laplace’s equation and the boundary
conditions; Cyx + C, satisfies Laplace’s
equation but not the boundary con-
ditions (unless C; = 0); while C,x? satis-
fies the boundary conditions but not
Laplace’s equation.

power of x other than unity will not be a solution. The various functions we have
discussed are shown graphically in Fig. 7-2. Many different functions might be
tried as solutions, but none except ¥V = (¥,/x,)x satisfies Laplace’s equation and the
boundary conditions. It is the unique solution.

More elegant and rigorous proofs of uniqueness are available, but the above
discussion illustrates the general approach, which involves a demonstration that solu-
tions other than the unique one do not satisfy both Laplace’s equation and the bound-
ary conditions.

7-5 POINT-BY-POINT, OR ITERATIVE, METHOD

In this section a point-by-point method of solving Laplace’s equation is discussed.
The method is approximate, but by using sufficient points and by iteration, or repeti-
tive application, the solution can be made as accurate as desired.}

t J. B. Scarborough, * Numerical Mathematical Analysis,” 6th ed., pp. 391-422, Johns
Hopkins Press, Baltimore, Md., 1966.
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FIGURE 7-3 49V,
Construction to find potential at point P
with respect to four surrounding points.

The basic step is to find a solution of Laplace’s equation at a point by noting
the slope of the second derivative of the potential ¥ in orthogonal directions around
the point. In rectangular coordinates Laplace’s equation is given by

V. 8’V vV
“a2tzatoz=0 M
ax dy 0z
If the potential variation is independent of z, the problem reduces to a two-dimensional
one and (1) simplifies to
32V v
—+===0 2
ox? + oyt L
The first term in (2) is the second partial derivative of V¥ with respect to x, that is, the
rate of change of the rate of change of ¥ with respect to x.t  Similarly, the second term
is the rate of change of the rate of change of ¥ with respect to . The sum of these
two terms must be zero. :

Consider a two-dimensional potential distribution around a point P, as in
Fig. 7-3. Let the potential at P be equal to ¥, and at the four surrounding points
be Vi, V2, V3, and V,, as shown. Now (V, — V,)/Ax is the slope of ¥ between points
2 and P. This is approximately equal to d¥/dx (becomes exact as Ax —=0). Also
(Vo — V1)/Ax is the slope of ¥ between points Pand 1. The difference of these slopes

t Or since 8¥/ox = — E, 82 ¥/0x? is equivalent to the negative of the rate of change of
E with respect to x.
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(per distance increment Ax) is approximately equal to 32V/dx2. Hence, as discussed
in the preceding paragraph, the significance of Laplace’s equation is that the difference
in slopes of ¥ in the x direction and the difference of the slopes in the y direction must
be equal and opposite in sign. Thus, we have

AoV/ax) _  a@V]3y)

ox dy 3
or
(V2 — Vo)/Ax] — [(V, — V})/AX] (V3 — Vo)/Ay] = (Vs — V,)/Ay] :
o ~ — A 0]
Y
Letting Ax = Ay, we have -
Vi+Vat Vst V,—4V,x 0 ‘ 3 -
and Vor ¥V, + Vo + Vs + V) (6)

If we know the potential at points 1, 2, 3, and 4, then according to Laplace’s equation,
the potential at the point P is as given by (6). In other words, the potential at P is
the average of the potentials at the four neighboring points.

7-6 EXAMPLE 2: THE INFINITE SQUARE TROUGH

To illustrate the point-by-point method consider the infinitely long square trough of
sheet metal shown in cross section in Fig. 7-4a. The sides and bottom of the trough
are at zero potential. A cover, separated by small gaps from the trough, is at a poten-
tial of 40 V. Let us use the point-by-point method to obtain the potential distribution.
First, we find the potential at the center of the trough from (7-5-6) as

40+0+0+0

=10V
4

Next, we find the potential at the center of the four quadrants of the trough. For this
we rotate the xy axes 45° and take the potential at the cover-trough gap as 20 V
(average of 40 V and 0). Again from (7-5-6) we have

20+40+0+10

=175V
4

t In a three-dimensional problem we would use six surtounding points (four as shown
in Fig. 7-3 plus one a distance Az from P into the page and one a distance Az from P
out of the page; Az= Ax = Ay) and the potential at P would be given by

Vo=¥V1+Va+ Vs+ Vot Vs+ V)
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FIGURE 7-4

Application of point-by-point method to determine potential at nine points inside
an infinite square trough.

for the upper and left and right quadrants, as in Fig. 7-4b, and
0+10+0+0
4
. for the lower left and right quadrants. Next, we can find ¥ at four more points,
with voltages as shown in Fig. 7-4¢ (xy axes returned to usual orientation).
The procedure is now repeated starting at the upper left, obtaining
40+212+75+4+0
4

This new value of V is now used to recalculate the potential at the adjacent point to
the right as

=25V

=172V

40 +17.24+ 10 + 17.2

=211V
4
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